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1 Minimal diffusion X?°

I = (r1,72) C R: a one-dimensional open interval.
A strictly increasing continuous function s on [ is called a canonical scale.

A positive Radon measure m on I with full topological support is called
a canonical measure.

1.1 General expression of Cj,-generator of X°
A Markov process X = (X?,¢% PY) on I is called a minimal diffusion if
(d.1) X0 is a Hunt process on I,

(d.2) X is a diffusion process: X} is continuous in ¢ € (0,¢") almost
surely,

(d.3) XV is irreducible: PY(o, < o0) > 0 for any x,y € I.

Denote the one-point compactification of I by Iy = I U {0}.
X takes value in Iy. For B C Iy, we define

op =inf{t >0: X{ € B}, inf( = oo, TB = O[,\B-



We write op as o, when B = {b} a one point set.

{8} plays the role of cemetery for X%: ¢ =0y, X =9 for any t > (°.
Condition (d.1) means that XY is a strong Markov process whose sample
path X7 is right continuous and has the left limit on [0, 00) and absorbed
upon approaching {0}: lim, . 77, = ¢ whenever {.J,,} are subintervals of
I with J, C I, J, 1 I. X" is minimal in this sense.

Under (d.1) and (d.2), the condition (d.3) is equivalent to the requirement
for each point a € I to be regular in the sense that, for a > 0,

E,le %] = Eyle™®~] =1 where E,[e”*%%] = limp_, 1, Fy[e™“7%].
{R%: o > 0}: the resolvent of a minimal diffusion X°:

RO ) = B [ -0t F(X0)d].

Denote by By(I) (resp. Cy(I)) the space of all bounded Borel measurable
(resp. continuous) function in I.

Then RO (By(I)) C Cy(I) due to the above regularity of each point of I.

R? is a one-to-one map from Cj(I) into itself because of the resolvent equa-
tion

Rg—R%—i—(a—ﬂ)RgR% =0 and limy 0o aRO f(z) = f(2), z € I, f € Cy(1).
Thus the generator G° of X© is well defined by

{D(g% = R3(Cy(I)),
(G%u)(z) = au(z) — f(z) foru=ROf, feCy(I), v €I,

G so defined is independent of o > 0 by the resolvent equation.

Let us call G° the Cyp-generator of X0,

For X°, the fine continuity is equivalent to the ordinary continuity so that
Cy(I) is the space of all bounded finely continuous functions on I.

With this interpretation, the above definition of the Cj-generator is well
formulated for a general right process.

In Chapter 4 of It6-McKean’s book [IM2], it was proved that,

for a given minimal diffusion X°, there exist

a canonical scale s, a canonical measure m and a positive Radon measure
k called a killing measure on I such that

(1.1)

_ dDgu — udk
N dm

(gou)(:v) () xel, foranyuc D(go), (1.2)

in the sense that the Radon Nikodym derivative appearing on the right hand
side has a version belonging to Cy(I) which coincides with the left hand side.
In particular, we have for u = RO f, f € Cy(I),

B dDgu — udk

au(x) -

(z) = f(x) x el (1.3)



The triplet (s,m, k) is unique up to a multiplicative constant
in the sense that, for another such triplet (s,m, k), there exists a constant
¢ > 0 such that ds = cds, dm = ¢ 'dm and dk = ¢ 'dk.

We call (s, m, k) satisfying (1.2) to be a triplet attached to the minimal
diffusion X°.

(1.2) can be called a generalized second order elliptic differential op-
erator because any operator of the form

Au(z) = %a(w)u”(a:)%—b(x)u’(x)+c(:c)u(w), xe€l, a b ceCy(l),a>0¢<0,

can be converted into (1.2) by

ds = exp (— / 2ab((§))d§> dx, dm = 61(255) exp <— / 2;)((5))%) dz, dk = —c(x)dz.

The triplet (s,m, k) attached to a minimal diffusion X° = (X7, (%, P,) was
constructed in [IM2] as follows: for m <a <b <7y and J = (a,b),
consider the hitting probabilities and mean exit time

pab(f) = Pg(aa < Ub)y pba(g) = Pg(ab < O'a)v eab(&) = Eg[TJ]a §€J,

and define

(df) = Sab(dé-) = pab(&)pba(dg) - pba(f)pab(dg)
k(df) = kab(dg) = Dspab(dg)/pab@-)
m(d€) = map(d€) = — {Dseap(dE) — eqp(E)kap(dE)}, a < & <b.

)

For another choice of 5,3 withr <da<a<b<b< ro, we have
57(d€) = csap(d€), kz(d€) = ¢ kap(dE), maz(dE) = ¢ Pmgy(dE), a < £ < b,

for a constant ¢ > 0 depending on a, b, ?i,g, so that a universal triplet (s, m, k)
can be introduced on I.

Problem
Identification of the domain D(G%) C Cy(I) of Cy-generator of X°.

To this end, we first prove the m-symmetry of X°
and determine its Dirichlet form.



2  m-symmetry of X" and its Dirichlet form

2.1 a key lemma

J = (j1,J2) with 71 < ji < ja < 72: a subinterval of I
Rl f(z) =EY [[;7 e f(X)dt]: the resolvent of the part process of X° on
J.

Lemma 2.1 Let u= RJf for f € Cy(I). Then

Dou —
ue Ce(l), oau-— % =f on J (2.1)
for a triplet (s,m, k) attached to X°. Moreover
u(j1+) = u(j2—) = 0. (2.2)

Indeed, u can be expressed as

u=ROf+c1R%g1 + caR%go for g1, g2 € Cy(I) vanishing on J and strictly
positive on (r1,j1), (j2,72), respectively, and for some constant ¢, co.
(2.1) follows from this and (1.3).

(2.2) can be shown using the continuity of R g for g € Cy(I).

2.2 m-symmetry of X°

Let u=RJf, v= Rlg for f,g € C.(I). We then get from (2.1)

—/vstu+/uvdk—|—a/uvdm:/vfdm.
J J J J

By (2.2), v(j1+)Dsu(ji+) — v(jo—)Dsu(j2—) = 0 so that an integration by
parts gives

/J(Dsu)(st)ds—i-/Juvdk+oz/Juvdm:/Jvfdm. (2.3)

Thus
/ f Rlgdm = / RIS gdm,
J J

which implies the m-symmetry
[ # Rogam = [ R gdm
I I

of the resolvent of X° by letting J 1 I for f > 0,9 > 0.



2.3 The Dirichlet form of X° on L%(I;m)
Define the space (F(*), £()) by

F) = {u: u is absolutely continuous in s and £®) (u,u) < co}.  (2.4)

EW (u,v) = /Dsu(a:)DSv(m) ds(x) (2.5)
I
An elementary inequality holds:
(u(b) —u(a))? < |s(b) — s(a)|EP (u,u), a,bel, ueF®.  (2.6)

We call the boundary r; approachable if |s(r;)| < oo, i =1, 2.

If r; is approachable, then any u € F() admits a finite limit w(r;) in view
of (2.6).

Let us introduce the space

.7:(58) = {u e F® : u(r;) = 0 whenever r; is approachable}. (2.7)

We further write (u,v) = [;uvdk, (u,v) = [; uvdm, and let

FEOk = FO N L2 k), FOF = FO 0 L1 k),
EGF(u,v) = EO)(u,v) + (u,v)r, u,v € FEF,
5&8)’k(u,v) = EGF(u,v) + a(u,v), a >0, u,v € FEOFNLA(I;m).
(2.8)
We will be concerned with the form (£°, 79) defined by

FO = ]:O(s)’k N L2(I;m), So(u,v) = S(S)’k(u,v), u,v e FP, (2.9)

which can be readily shown to be a regular Dirichlet form on L?(I;m).
Further, each one point of I is of positive capacity with respect to the form
(2.9) because (2.6) implies for any finite closed interval K C I

sup u(z)* < O E(u,u), u € FO. (2.10)
zeK
We say that the boundary r; is regular
if r; is approachable and m + k is finite in a neighborhood of r;.
If r; is approachable but non-regular, then any function in F()k 0 L2 (I;m)
vanishes at r;.
In particular, F° can be rewritten as

FO={ue FOrNLAI;m) : u(r;) = 0 whenever r; is regular}.  (2.11)



Theorem 2.2 (i) X° is m-symmetric.

(ii) The Dirichlet form of X° on L*(I;m) coincides with (E°, F°) defined by
(2.9) in terms of the attached triplet (s,m,k).

(iii) Conversely, for an arbitrary triplet (s,m, k), define the reqular Dirichlet
form (€%, F%) on L?(I;m) by (2.9). Then the associated Hunt process on I
is a minimal diffusion on I possessing (s,m, k) as its attached triplet.

Proof. (i) was shown already.
To see (ii), let (£, F) be the Dirichlet form of X° on L?(I;m). By a general
theory (cf. [FOT)), {Rf, f € C.(I), J C I} is dense in F and

E(U,v)—l-a/

uvdm:/vfdm, foru=Rf, v=Rlg, f,ge€C.(I).
J J

(2.12)
By comparing this with (2.3), we have

FcF' €= on FxF.

We also have the identity (2.3) for u = R/ f, v € F° N C.(I), which means
that F0N C.(I) C F. Since (€Y, FP) is regular, we get F = FV.

(iii) Given a triplet (s,m, k), the Dirichlet form defined by (2.9) is not only
regular but also local and irreducible. Since each one point set of I is of
positive capacity, the associated Hunt process X° on I is a minimal diffusion
I and m-symmetric.

Let (s, ﬁL,%) be a triplet attached to X©.
Then X© is m-symmetric by (i) above, and consequently m = m up to a

constant multiplication due to the uniqueness theorem of Ying and Zhao
[YZ].

We may assume m = m.

By (ii), the Dirichlet form (E,F) of X% on L2(I;m) is given by (2.9)
with (s, k) in place of (s, k).

Since gzg, we have s = s, k=k. O



2.4 L2-generator of X°

X0: a minimal diffusion on I with the triplet (s,m, k) attached to it.
AY: the generator of the strongly continuous contraction semigroup of X°
on L2(I;m):

uwe DAY and A= f e L*(I;m)

if and only if
ue F°, E%u,v) = (f,v) forany veF°NC.(I), (2.13)

on account of the regularity of (£, F).
A" is smply called the L2-generator of X°. We write u(r;) = lim u(z).
1

r—r;, t€L

The following is immediate from Theorem 2.2 (ii) and (2.11):

Corollary 2.3 u € D(A°) if and only if

dDgsu — udk
(s),k 2(71. s 2(7.

ueF NL*(I :m), — € L*(I;m), and (2.14)

u(r;) =0 whenever r; is regular.

In this case,
dDgsu — udk
0 s 0

= D . 2.15
A u 7 , ueDA) (2.15)

3 Reflecting extension X" of X°
3.1 Reflected Dirichlet space (F",E") of (%, F?)

Given a triplet (s, m, k) on an interval I = (r1,72), recall the form (S(S),}"(S))
defined by (2.4), (2.5) and the form (£()* F()k) defined by (2.8). We

write
Fr=FOrRAL2(Lm), £ (u,v) =EF w,v), wveF .  (3.1)

We denote by I* the interval obtained from I by adding r; if it is regular
i = 1,2, (for the triplet (s, m,k)).

We know from (2.6) that any function in F(*) can be continuously extended

to I*.

The canonical measure m is extended to I* by setting m(I*\ I) = 0.

L?(I*;m) can be identified with L?(I;m).



Theorem 3.1 (i) (", F") is a regular, local and irreducible Dirichlet form
on L2(I*;m) for which each one point of I* has a positive capacity.

(ii) Define (€%, F°) by (2.9) which is a regular Dirichlet form on L?(I;m).
(F7,E") is then the active reflected Dirichlet space of (FV,E°).

The last statement of (i) follows from the inequality (2.10) holding for
any compact subset of I* and £", F”, in place of I, £, FU. (ii) is shown in
Chapter 6 of [CF].

By (i), there exists uniquely an m-diffusion X" = (X/,P.) on I* whose
Dirichlet form on L2(I*;m) equals (£7,F"). X" is strongly irreducible in
the sense that

Pl (0, <o00) >0, forany xz,yel”. (3.2)

In view of (2.9), X" is an m-symmetric diffusion extension of X in the
sense that the part process of X" on I, namely, the process obtained from
it by killing upon hitting I* \ I coincides with X©.

On account of (ii), we may call X" the reflecting extension of X°.

3.2 L?-generator of X"

A": the generator of the strongly continuous contraction semigroup of X"
on L2(I;m).

u € D(A") and A"u = f € L?(I;m) if and only if

(2.13) holds for F", £", C.(I*) in place of F°, % C.(I).

Proposition 3.2 wu € D(A") if and only if

dDgsu — udk
(s),k 2 . S 2/7.

ue FEPNLAL :m), g € L*(I;m), and (3.3)

Dsu(r;) =0 whenever r; is regular.

In this case,
dDgsu — udk

Ty = — D(AM. 3.4
A"u am , ueDA") (3.4)

The second condition in (3.3) can be deduced either by integration by parts
or by a general condition that the flux of u at r; equals zero formulated in
Chapter 7 of [CF].



4 (Cy-generators of X" and X’

4.1 Boundary classification and behaviors of a-harmonic func-
tions

For a given triplet (s, m, k), we adopt Feller’s classification of the boundary:
we write j = m + k and we let for ry < ¢ <19

M =/:s<dx>/;j<dy>, ” =/:j<da:> [ st m<e<n

The left boundary rqy of I is called

regular if A <oo, pp <oo,
exit if A <oo, pp=o00,
entrance if Ai=o00, wu <oo,
natural if A =00, pp=o00.

An analogous classification of 79 is in force.

r; is regular in Feller’s sense if and only if it is regular in the previous sense,
namely, it is approachable and j is finite in a neighborhood of ;.
Moreover, if r; is exit, then it is approachable but non-regular, and so

u(r;) =0 for any u € F© whenever r; is exit. (4.1)

For a given triplet (s, m, k) on I, consider a homogeneous equation

B dDgsu — udk

au(x) o

(x)=0, ze€lI, a>0. (4.2)
whose solution is called a-harmonic. It is known that there exist a positive
strictly increasing (resp. decreasing) solution u; (resp. ug) of (4.2).
When r; is regular, there are many solutions u;; among them are
the minimal one w; with u;(r;) =0, Dsu;(r;) <0
and the maximal one u; with Dgu;(r;) = 0, w;(r;) > 0.
Otherwise u; is unique up to a multiplicative positive constant.

The following table on the behaviors of u; for the right boundary ro is
taken from It6-McKean’s book [IM]:

regular exit entrance natural
uy(ra) €(0,00) €(0,00) =00 = 00
Dgui(r2) € (0,00) =00 €(0,00) =00 (4.3)
ua(ra) < 00 =0 € (0,00) =0
—DSUQ(T'Q) < o0 S (0, OO) =0 =0



4.2 The C)-generator of X"

Let X° be a minimal diffusion on I with an attached triplet (s, m, k).

By Theorem 1.2, X° is m-symmetric and its Dirichlet form on L?(I;m) is
(£, F9) given by (2.9).

Due to (2.10), the Hilbert space (F9,£}) admits a reproducing kernel
%(x,y), =,y € I. foreachyc I,

galy) € FO, E(ga(y),v) =v(y), foranyveFO.  (4.4)
It follows from the first property of (2.9) and (4.1) that

¢2(ri,y) =0, whenever 7; is either regular or exit. (4.5)

Lemma 4.1 (i) ¢2(z,y) admits an expression

W(u17u2) ul(x)UQ(y) if x S Y, T,y € Ia

-1
0 —
9a(®,9) = { W (u,u) ™t ug(z)ur (y) ife>y =zyel, (4.6)

where W (ui,u2)(z) = Dsuq(z)ua(r) — Dsua(z)ui(x) is the Wronskian of
u1, ug which is positive and independent of x € I. Here u; should be chosen
to be

u; = u;, whenever r; is regular, (4.7)

(ii) g2(x,y) is a density function of the resolvent kernel RY of X° with
respect to m:

RO f(x) = /l Qe f@mdy), zel, [eCI).  (48)

Notice that (4.5) and (4.6) imply that
ui(r;) =0, whenever 7; is exit, (4.9)
and we conclude from (4.7) and (4.9) that, for f € Cy(1),
Ry f(ri) =0,

We now give a complete characterization of the Cy-generator G° of the min-
imal diffusion X° on I.

if r; is either regular or exit. (4.10)

Theorem 4.2 u € D(G%) if and only if

dDyu — udk
u € Cy(I), # € Cy(I), and

u(r;) =0 if r; is either regular or exit.

(4.11)

10



In this case,
_ dDsu — udk

dm

GOu . ueD@GY. (4.12)
Proof. Take any u € D(G") so that u = R f for some f € Cy(I).

Then wu satisfies the boundary condition in (4.11) by (4.10).

G = au — f, while it follows from (4.6) that au — f = W.
Conversly, take any u satisfying condition (4.11) and let f = au—w,
RO f and w = u—v. Then w is a bounded a-harmonic function and vanishes
whenever r; is regular or exit.

Write w = Cru;+Caug. If both 71, 7o are either regular or exit, then w(ry) =
w(ry) = 0 and we get C1 = Cy = 0 because uq(r1)uz(re) — uq(re)us(ry) < 0.
If r1 is either regular or exit but ro is either entrance or natural, then
u1(ry) = oo by the table (4.3) so that C; = 0 and 0 = w(r1) = Caua(ry),
yielding Cy = 0 because ug(r1) > 0. If both ry, ry are either entrance or
natural, we have Ch7 = Cy = 0. O

v =

4.3 The Cj-generator of X"

X" the reflecting extension of minimal diffusion X with an attached triplet
(s,m, k).
Ry,: the resolvent of X",

o0
R, f(x) =E] [/0 eatf(X[)dt] , RLf(x)= . R} (z,dy)f(y), v € I".
X" has the strong irreducibility P}, (o, < 00) > 0, Va,b € I* so that
E; [e_o‘aai] =1,Vacl, E [e_o“”ﬁ] =1,ifr € I*, Ej, [e_‘mTr] =1,ifroeI".
Therefore if we define

Co(I") ={u e Cp(I) : u(r;) = lim wu(x) whenever r; € I*},  (4.13)

z—r;, €l

then R, (By(I)) C Cp(I*) and the Cy-generator G of X" is well defined by

{D(g’v = RI(Cy(I7)),

(G u)(x) = au(x) — f(x), for u=RLf, f € Cy(I*), z € I". (4.14)

The Dirichlet form (€7, F") of X" on L?(I*;m) admits a reproducing kernel
go(x,y), x,y € I'*; for each y € I*,

g (y)eFr, EN(gn(y),v) =v(y), foranyve F' . (4.15)

11



This implies that

{Dsgg(m, y) =0, foreachy € I, whenever r; is regular (4.16)

go(ri,y) =0, for each y € I, whenever r; is exit

Analogously to Lemma 4.1, g7, can be shown to be a density function of
the resolvent kernel R}, with respect to m and admit a similar expression to
(4.6)

but with @; in place of u; whenever r; is regular.

Hene the next theorem can be proved in a similar way to the proof of the
preceding theorem by using (4.16) and the table (4.3):

Theorem 4.3 u € D(G") if and only if

N dDsu — udk .
u e Cb([ )7 T S Cb(I ), and (417)
Dsu(r;) =0 if r; is regular, wu(r;) =0 if r; is exit.
In this case,
dDgsu — udk
Ty =-— D(G™). 4.18
gru= v g (1.18)

5 Proper symmetric diffusion extensions of X°

5.1 Symmetric diffusion extensions with no sojourn nor killing

X0: minimal diffusion on I = (r1,r2) with attached triplet (s,m, k)

S: a closed set into which I is embedded as a dense open subset

m is extended to S by setting m(S \ I) = 0.

Suppose X?° is an m-symmetric diffusion Hunt process on S whose part
process on I coincides with X°.

Then the Dirichlet form (£°, F%) of X% on L?(S;m) = L?(I;m) is quasi-
regular (cf. [CF]) and satisfies (cf. [FOT])

FOc F¥, &%u,v) =E%u,v), forany u,ve FO. (5.1)

For two closed sets S1, S9 as above, we write S; ~ Sy if they are quasi-
homeomorphic.

XF is called a proper symmetric diffusion extension of X° to S with
no sojourn nor killing if

(a) X9 it is an m-symmetric diffusion Hunt process on S,

(b) X* admits no killing on S'\ I,

(c) the part process of X S on I coincides with X©, and

(d) FY is a proper subspace of F*.

12



Theorem 5.1 (i) X" admits a proper symmetric diffusion extension x5
with no sojourn nor killing if and only if

either r or rg is a regular boundary of I. (5.2)

(i) If r1 (resp. r2) is reqular and ro (resp. r1) is non-regular, then S ~ I*
and X% = X7,
(iii) If both ry and ro are regular, then four cases can occur:

1. S~ [r,m], X%=XT,

2. S~ [ry,re), X5 =X" being killed upon hitting ro,

3. S~ (ry,r], X°= X" being killed upon hitting 71,

4. S~ f, X% = the one-point extension of X from I to I.
Here I denotes the one-point compactification of 1.

Proof. By quasi-homeomorphism and Theorem 3.3.8 of [CF],

FO can be identified with a subspace F5° = {u € F°:u =0 q.e. on S} of
FS.

In particlular, 7 is an ideal of ° and we have by Theorem 6.6.9 of [CF],
FS c Frand %(u,u) > E(u,u), u e FS.

This combined with (5.1) and property (b) of X* leads us to

FocrScrF, &uwv) =EDk ), uve FS. (5.3)

On the other hand, £~-orthogonal complement H,, of F° in F” consists
of a-hamonic functions. The integration by parts gives, r1 < a < b < ra,

b b b
/ (Dyui(z))2ds(z) + / ws(@)2dk(z) + a / ws(x)2dm(z)
= u;(b)Dsu;(b) — ui(a)Dsui(a).

On account of the table (4.3), we thus conclude that u; € H, if and only if
r; is regular. Consequently

Ho = {c1u; + coua : ¢; =0, unless r; is regular}. (5.4)

Theorem 4.4 follows readily from (5.3) and (5.4).

The Cj-generator of X of Theorem 4.4 can be described as Theorem
4.3 by replacing the boundary condition in (4.17) according to the cases of
S as follows:

13



case (ii). Dsu(r1) =0 (resp. Dsu(rz) = 0),
u(re) = 0 (resp. u(ry) =0), if ro (resp. 1) is exit

case (iii), 1. Dsu(r;) = Dsu(re) =0

case (iii), 2. Dyu(ry) = u(ry) =0

(
(

case (iii), 3. wu(r) Dsu(rg) =0
) =

case (iii), 4. u(r1) =u(r2), Dsu(ri) = Dsu(ra).

5.2 Symmetric diffusion extensions with sojourn and killing

Given a minimal diffusion X on I = (r1, o) with attached triplet (s, m, k),
the most general proper symmetric diffusion extension X of X% with no
sojourn nor killing on S\ I has been studied in the preceding section.

We can admit sojourn and killing for X that amounts to extending m and k
to S by allowing them to have positive point masses on S\ I and considering
a proper symmetric diffusion extension of X associated with the resulting
Dirichlet form.

We consider the typical case where the left boundary r; of I is regular but
the right boundary r, is non-regular. Let m* and k* be extensions of m and
k from I to I* = [ri,r2), respectively allowing point masses at r1 so that

m*(ry) =m*({r1}) >0, k*(r1) =:k*({r1}) >0. (5.5)
Define the Dirichlet form (£*, F*) on L?(I*;m*) by

E*(u,v) = EF (u,v) + u(r))v(r)k*(r1), w,v € F*. (5.6)

{f* = FO) 0 L2(I*; k) 0 L2(I*;m*)
(€%, F*) is then a regular, local irreducible Dirichlet form on L?(I*;m*)
and it admits an associated m*-symmetric diffusion process X* = (X, P})
on I*.
{R};a > 0} denotes the resolvent kernel of X*.
Just as the case of the reflecting extension X", if we define the space Cy(I*)
by
Co(I") ={u e Cpy(I) s u(ry) = lim wu(z)}, (5.7)

r—r1, ¢l

then R’ /(Cy(I)) C Cp(I*) and the Cp-generator G* of X* is well defined by

{D<9*> = Ry(Cy(I")),
(G*u)(z) = au(x) — f(x), xel*, foru=RLf, feCy(I¥).
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Furthermore, for o > 0, the Hilbert space (F*,&}) admits a reproducing
kernel ¢ (x,y), x,y € I*: for each y € I*,

g y) e Fro Ex(gh(,y),v) =v(y), foranyve F*.
The following is the counterpart of Lemma 4.1 for X*.:

Lemma 5.2 (i) g} (x,y) admits an expression

« _ Wur,ug) tur(@)ug(y)  ifz <y, a,yel,
Jal2,y) = { W (u1, ug) ™ tug(x)uq (y) ifoe>y x,yel* (5-8)
where
U if k(1) +m*(r) =0,
Uy = uy(r * * . * *
! uy + Dsly(l(lr)l)(k (r1) + am*(r1)u; of  k*(r1) + m*(r1) > 0.
(5.9)
(ii) For f € Cp(I*) and x € I*, R’ f(z) admits an expression
Rof(@) = [ st fm(dn) + o) (5.10)
where
0 if m*(r) =0,
w(z) = F(r)m* (r : . (5.11)
{ —Dsug(rl()-lil)f*(rg)iocm*(n)u2 if m (7’1) > 0.

The following is the counterpart of Theorem 4.3 for X*:
Theorem 5.3 u € D(G*) if and only if

dDgsu — udk

u € Cyp(I7), I

e Cy(I7), (5.12)

and

{Dsu(ﬁ) —u(r)k*(r1) = G*u(ri)m*(r1), (5.13)

u(ry) =0, if ro is exit,

where G*u(r1) denotes the value of the function W(e Cy(I*)) at r1.
In this case, for u € D(G*),

G u(x) = W(m), rel,

G*u(r1) = (Dsu(r1) — u(r)k*(r1))/m*(r1), if m*(r1) > 0.

(5.14)
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6 All possible diffusion extensions of X"

X0: a minimal diffusion on I = (r1,r2) with an attached triplet (s,m, k)
We have considered a family of symmetric diffusion extensions of X° to a
closed sets obtained by adding to I regular boundaries or their identification.
As was verified in the preceding section, this family exhausts

all possible proper symmetric diffusion extensions of X

All of them have been constructed by using Dirichlet form extensions of

(E9, FY).

Extpr(X°): the collection of X and all of its proper symmetric dif-
fusion extensions as above.
By convention, we exclude from Extpr(X?) the one point extension X of
XO
to the one-point compactification I consider in Theorem 5.1, (iii), 4.
The Cy-generator of any X € Extpr(X?) has been characterized in terms of
boundary conditions.
In particular, the most general boundary condition at a regular boundary
r; is

Dgu(r;) — u(ry)k*(r;) = G u(ry)m™(r;), (6.1)

where G*u(r;) denotes the value of the function 2s4=udk (c Cy([r,15])) at
Ti.

Extmv(X%):  the collection of all diffusion extensions of X° to [ry, ro]
studied in §4.4 and §4.7 of It6-McKean’s book [IM2].
Extp(X?) consists all (not necessarily symmetric) diffusion extensions of
X0 to [ry,ro]
except that the processes starting at entrance boundaries and remaining
there until life time are excluded from Extpy(XY).
The Cy-generator of any X € Extpy(X?) was characterized in terms of the
boundary conditions imposed at both r1 and 7.
In particular, the most general boundary condition at a regular boundary
r; can be seen to be identical with (6.1).
Extp(X°) contains an extension X of X with a trivial boundary condition

Gu(ri) + ku(r;)) =0, 0 < Kk < o0,

at an non-entrace boundary r;,
which means that X starting at r; remains there until its life time.
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We modify such X by
(a) killing it at time o, whenever it is finite and
(b) discarding r; from its state space.

The resulting modified family is designated as Extpy(XO).

On the other hand, when [ has entrance boundaries, they can be added to
the state space of any X € Extpp(X°) to produce a improper symmetric
extension X of X.

For simplicity, we explain this procedure only for X = XN0 € Extpr(X?).
When 7 is entrance, there exists a diffusion X° = (X2, PY)

on the extended state space [r1,r2) such that

X%, =Xx° and PY (X} €T foranyte (0,¢°) =1. (6.2)

In particular,

the part process of XO%on I equals X and

the one-point set {r;} is polar for X°

so that X9 can be viewed as an m-symmetric diffusion extension of X©
that is improper, in the sense that,

X0 has the same Dirichlet form (€9, F°) on L2(I;m) as X°.

In fact, since r; is entrance, we have

HmE? | [e7i+e] =1, lilrglen]lJrE(UmJr <oo)=1.

Using these properties of X, the above mentioned extension X0 of X0
can be constructed as in Problem 3.6.3 of It6-Mckean’s book
by defining (X7, P?) to be a kind of limit of (X}, P21+1) as n — 0o

using the direct product [[52, PY

L

The Cp-generator of X0 can be readily identified as follows.

The property (6.2) implies ]7391 [e79m1+] = 1 and consequently

the resolvent {R%; a > 0} of X0 satisfies R%(By(I)) C Cy([r1,72)).
We introduce the Cj-generator GO of XO by

{Dg’g“% = R(Col[r1,r2)), )
(G%)(z) = au(z) — f(x), for u= ROf, f € Cy([r1,72)), = € [r1,72).

Then we see just as in the proof of Theorem 4.2 that u € D(G°)
if and only if u satisfies the condition (4.11) with Cy([ri,r2)) in place of

Cy(I).
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If both r1 and ro are entrance, we can replace the above X0 by its further
improper m-symmetric extension to [ry,72] so that the resulting diffusion
X0 has the same Dirichlet form (£°, %) as X and its Cj-generator is char-
acterized as (4.11) but with Cy([r1,72]) in place of Cy([).

E;(TtVDF(XO): the collection of all X € Extpp(X”) but being modified
to be X as above
by adding entrance boundaries whenever they are present.
We can then readily verify that

Extiy;(X°) = Extpr(XO). (6.3)

Thus every element X of Extj,;(X°) is symmetric with respect to m or its
extension m* to regular boundaries.

Furthermore we can verify that the transition function P; of X € Extyy (X 0)
determines a Feller semigroup on the space Co ().

Here I denotes the interval obtained from T by adding the boundaries 7; to
it only in the following two cases:

(I) r; is regular and X is not absorbed at 7,

(IT) r; is entrance.

Coo (f ) denotes the space of all continuous functions on 7 vanishing at infinity
of I.

Indeed, combining general expressions in Lemma 5.2 of the resolvent R, of
X

with Theorem 5.14.1 in It6’s book [I] and the table (4.3),

we can see that R, makes invariant the space of bounded continuous func-
tions on I vanishing at a natural boundary.

Therefore, on account of the observations we have made on the Cy-generator
of X,

we can conclude that Ra(Caso(I)) C Coo(1).

Moreover lim, oo @Ry f(x) = f(z), = € I, f € Cso(I), by the path conti-
nuity of X.

Hence {R,;a > 0} becomes a strongly continuous contraction resolvent on
Coo(f ) and consequently {P;;t > 0} is a strongly continuous contraction
semigroup on Ca(I) with generator

~

G =al - R:Y, DG) = Ra(Cuo(D)).
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Proposition 6.1 The transition function {P;t > 0} of X € Exty(X?)
determines a strongly continuous contraction semigroup on Coo(I).
Let G be its infinitesimal generator. u € D(G) if and only if

dDgsu — udk ~

u € Coo(1), € Cx(D), (6.4)

dm

and

Dgu(r;) —u(r)k*(r;) = Q\u(ri)m*(m), if 7; is regular and r; € f, (6.5)
where Gu(r;) denotes the value of the function dDsu—udk Coo(D)) at i,
and m*(r;), k*(r;) are non-negative parameters.

In this case, it holds for u € D(G) that

~ dDsu — udk
= I
Gu(r;) = (Dsu(ry) — u(ry)k*(ri))/m*(r;), if m*(r;) > 0.
Conversely, given a linear operator G on Cso(I) satisfying (6.4), (6.5) and

(6.6), we can solve the equation (a — G)u = f in the space C (1)
using the functions ¢g*(z,y) and w(z) defined in Lemma 5.2.

~ ~

But it is not easy to verify that D(G) is dense in Co (1) unless the associated
Dirichlet form is utilized.

The Dirichlet form method gives us a direct and quickest way to construct
the diffusion in Extfy(X?),

firstly by constructing X € Extpp(X?) by a regular Dirichlet form and
secondly by considering the improper symmetric diffusion extension X of X
to entrance boundaries.

The constructed diffusion in Extf,;(X°) has a Feller transition function by
the above proposition.
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