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Allstract A quasi-regular Dirichlet forrr is saicl to have a Liouville property if
an1, associated halrnonic t'unction of finite energy is constant. We first exatrtine this

property fol the enel'gy form d'r' otr F.i" generated by a positil'e firnction p. We rtext

make a genelal consideration on a regular, strongly local and transient Dirichlet
fornr 5 and an associated tirne changed sl,nrnretric diftirsion process X rvith firiite
lil'etinre. Wc shorv that X alrvays aclmits its one-point reflection X" at infinity b1'

constructilrg the colresponding regulal Dirichlet forn.r. We then prove tliat, if d
satisfies the Liouville propelt-\,, a sy'uirnetric cottserr,ative clifftsion extension )' of *
is unique up to a quasi-homeornorphism" and in f'act, a quasi-honreort.rorphic in.rage

of I equals the one-point reflection X'' of X at infinity.

Ke1'n'ords Liouville propefly ' Energy tbrni ' Stlongly local transient Dirichlet
form ' One-point reflection at infinit)' ' S),ntmett'ic extertston
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I Introduction

Wc consicler it localll,coil)lliret scpalable rrctt'ic space E antl a ltositire Rlrrlort

lICir\urLr tit on I- $ith lirll sulll)o|t. GiYcr a t'c!ttlitt Dirichict lilt ttt t, ,-) otl

L:(tl . rtt ) u,itli un associatc-d IlLurt process X : (X,. (. P' ) ort /:. lct l iitrd .i''l
hc its c.r?crirled Dit'icltlet.lTrrrlc and rts rcllattatl [)ititltlr:t.!1ra('d. respectivell'. Thctt
.9 c 7, C .i'ttt ancl the inner procluct r5' is extended frcrn '9 to l:tith spaces [6].
The notious of the extended iind reflected Dirichlet spaces wel'e intlocluced by Sil-
velstein in [25, 26], respectivel-y, in the satne year 1914, but the latter noticltt u'as

reforrnulated by Z.-Q. Chen [.i] later in 1992 and fulther extended to a quasi-regular

Dirichlet iorm in [6].
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\,1. FukLrshrnra

Delirie the linear subspace .y'{"' of .7'"' by

iff* : {u e 9'"r : E(u,i') :0 forany t,e g"}.

,y'/'' is the collection of X-harrnonic functions lr ott E of {inite energy d(u. rr). \Ve

rvill be concemed lr,ith a specific Liouville propefiy

dim(.?€*) : 1

of tlre folm 6 ancl its probabilistic significance.
\Ve first give trvo general renarks on the Lioltville propcrty ( i ). A Borel function

It on E i.s said to be X-ltttnttonir: if it is specified and finile up to quasi equivalence
and if for every relatively compact open subset G c E, E,ll/r(X.,,)il < oc and

/r(,r) : E,Ul(X.,.1 for q.e..r € E. rvhere 16 clenotes the firsl exit tirne f}om G. By
the next proposition. we only need to cousider the transient tbrnr 6 to studt, the

I-iour,ille properiy ( I ).

Proposition 1.1 (i) It' 6' is irredut'iltle ancl rccunettt, tltert 6' er$o1,s tlrc proltertt,Q).
(it) If [' i,s'tron.yieri utttl if any borutdecl X-lrurntonic.ftott:tion on E i.s constont, tlrcu
6' ert.iot,s lhe properh' {l').

Pruxi (i) Sr"rppose (6,.") is recurrcnt. Then .?rtr :,9, by [6. Theorem6.3.2].
Frrrtherzr e .?,,,5'(u. r) :0irnpliesthatthelevelset{,r e l' : rr(,r.) : r'}isinvariant
lbreach constant r by [6, Lernrna6.7.3l. Hence (1) follols fiom the irreducibrlitl,
of[,.

The;rssertion (i) also follou,s fl'om the identitl' t'tct - { atrtJ a Poincar6 type
ineqtrality lor (.7,, r) establishecl in I I 7, Tlteorent 4.8.2] in the recurreut case. *,hich
recluires au additional Sobolev type inequalitl'liolding for'(5,.7) ltorvever.
(ii) In vierv of 16. Reniark6.2.2l. it liolds urdel'the trattsiencc of ,rf that

/1 - 1/r : ti [9r] : qt e N].

l'or'llrc:pacc N o1:telruinal lunrlottt vtrirtbles Er sl.li'cifir.:rl trl'I6. (6.1.1)1. For (, € N^

lcl g;,, : ((-rr; ',2 g,, r., n. Tltett /r,,(,r) - E,lg,,, I is e btltrntlcrl X-llal'rllortic tirnctlon

aucl cortvcrges ils i7 -+ oc to /r q.e. on ,E.;'ieldingthe asseltion (ii). ir

Iror arr Etrclidean domain , C R". the Bepptt Leri :;pac'e and the Sobolev sltate

o.f order (1,2) are defined, respeclivel)'. by

BL(D) - {rr e ai,.(D) : lvrrl e C@)}, Hl(D): BL(r) n L2(D). Q)

D(rr, r,) r.vill clenote the Dirichlet integral .i, Vir(.t1 ' 121'(-r)rJ"r of ri. r' € BL(D). The

space BL(D) is just the space of Schrvartz distributions rvhose first order derivatives

are in L21D1" It u,as introcluced and profbundll' s1p6i.,1 by Deny-Liorls I l2] follorving
the preceding rvorks by Beppo Levi [21], Nikodym [24] and Deny [10]. This space

was one of the original sources of the notiott of the Dirithlel sptt<:t: introduced by
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Beurling-Deny [2] in 1959 rr,hich \\'as L]a:icl:1i] llee tlorr the choice of the underlf ing
synrnretrizirig measure. Later on. thc splce BLrD) rvas designated as tl(D) by

ivlaz' ja [23] and stucliecl in a more geneLal conte \t ol the spitces L't,( [)) for 7r > 0 and

integers l. Horvevel the space BL(D) l-reals its ou,n indepertdent potential theorctic
and probabilistic signiiicances flonr tlie lreginning. See [3, 10, I ]. 13, I5l in this
connection.

Norv suppose a clomain D c F"" is erthel o1'continuous boundaly or an cxtendable
donrain lelative b Ht {D). The sytlnielr'ic l'orm d'ri,ith al{,r) :.,7 delineci by

1

, : 
,D 

.?: Ht(D). (3)

is then a regular stron-dy local in'eclucible Dirichlet fbrnr on L11D) and the asso-

ciated diffusion X on D is by definition the reflet:tittg Brox'rticut ntotiort (RIliVI in

abbreiiation). The extenderi Dirichlet space of r!'is clenoted by H,: (D) and called
Lhe ettendcd Soltoley spoce of'ortlel l. BL(D) is nothing but the reffected Dirichlet
spacc of this tbrnr l' {6,1t.2731. The space ./l' : BL(r) e H] (D) consists of lhosc
functions ori 1) u,ith finite l)irichlet integral such that thL'.y al'e not only harnronic on

D in tire ordinarl, sense bnt also their quasi continuous versions are halrnonic n,ith
rl'\pcct to tlre RBIVI Z ttl D.

It r.vas shorvn in [-5-'I'heorenr3.5] that 6 fLrlfills the Liouville ptoperty (1) rvhen

D C ?" is a unifbrm domain in the sense of [21]. On the other ]rand. it is denronstrated
in [8] that dim(.1') : N u,hen rr > 3 and D is a Lipschitz dorrrain rvith N nurnber
ol' Liotrt'illc brutttlte.s in the speciiic seuse formulated there.

In the sinrplest case that D : Pl" the rvhole space,.){ ' is.iust the space of harmonic
tunctions on i?" ri,ith linite Dirichlet integrals. Brclot [3 I first observecl that the
property (i) is valid. nanrel1,. any harnronic function otr izl" u,ith linite Dirichlet
integral is constanl. Scc [17. Example l.-5.3] in this ctxtrteclion. A sinrplc cluestiori
ari ses:

(Q) Is the prol.rerty (1) still valicl lirl the N,hole space R" and fo. ,ro.a generai
Dirichlet fornrs than ]D'/

In Sects.2 and 3, u,e shall consider a rneasurable function p(,r-) on Fi/t such that

0<1,, 1p(.r)</r <oc. lorever1,.r€-81 ;:{lrl <lt}, f >0. ・４

ff)1‐ coll、 tallts λ,, ノ14 depclldil18 oll `> 0,and thc as、 ociated spaces /~″ , 1ク
″[ind

forlll D/'dcined respectively by

夕ρ
={″ ∈L2(R″ :ρ∂■): |▽″|∈ L2(R″ :ρ″χ)),       (5)

プρ={″ ∈Lλc(R″ ): |▽″|∈ ι2(R″
:ρグχ)},        (6)

νに→=ム Vrr("r') . Vr'(.r ) p(,r ) r/.r. (7)
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ln the next section. we shor\i that the energ\'.t{)ntl t:' - (Dt'. gr'1 ts a regrrlar
strongly local irreclucible Dirichlet form on L2l:-"'. pr1-r.t and tl'te x'eigktetl Beppo
Levi .rpuc'e (9r'.11t'1 is the reflected Dirichlet space of the energl, fomr dt'. If the

constants ),,t. A, are independent of l: > 0. then the energv tbrnr d/' adrlits H,1.(Ei")

and BL(R" ) as its extended Dirichlet space and reflected Dirichlet space, respectively,
so that the ansq,er to the question (Q) is affimratire.

In Sect.3, rvc give also an affirmative answer 1s (Q) lor the energli fornr 6r' u,hcn
tt > 2 and p(,r) is any positive C--fiurction depending only on the radial part r of
the variable ,r € R". Presentll, rve have no example of the energy tolnr 6/' on lR" fbr
n > 2 r,iolating the Liouville propcrtl, ( 1).

In Sects.4,5 and 6, lve shall make a general consideratior.r on a regular, strongly
local ancl transient Dirichlet fornr (6, .?1 <tn L?(E; ttt) ancl an associated dilfusion
plocess X: (X,,(.P,) on E. X, approaches to the point i) at infinitl,of E iis

/ t ( [6. Sect.3.5l. But the lifetime ( of/ could be infinite and so. in place of
X. rve consider its tilne-chan-ced process X : (X,.(. P,) by tneans of its positive
colrtinuous additive functional rvhose Revuz lneasure u is a finite rneasure on E
clialging no J'-polar_set with full quasi-support. -f is u-synrmetric. As rve see in
Sect.4. the lifetinre ( of X is flnite P.-a.s. fbr q.e..r e E and X, approaches to
i) asrf {.

Theretbre the bountlary problenl of X trt i) looking for all possible I\4arkoi,ian
extension,c of .i bel,ond i rnakes perl'ect seltse. A strong Markov process I' on a

Lusirr .space E is s:iid to be an ?-ytens'ion of X if E is hortreoniorphicalll, enrbedded

into E as an open subsel the part process of )' on Eteing killed upon leaving E
is identical irr larv rvith X, anjl I'has no sojourn t)lt E \r E. that is. I spends zcro
Lehesgue arnount of tirle on E \ E.

In Sect. -5. u,e shori,th althe tittte cltattgerl di.ftil.s'ion pro(:cs.t X adrrits a r,-sYnr rnetric

conservative difltrsion extelisiorl X'' tl'onr E to its one-lroint courpactification E"' :
E U {A} b),consintctin-p a re-9ular. strongly local. recurt'ent and irreducible Dirichlet
1'orrron 7:1E"'. 1r;.rrbeingextcndecl toE b5'settrrigr,(i))-0. lnaccolclance u,ith

l7l, X is called the ortc ltoirtt re.flectiol of X at i).

fheorenr6. linSect.6u'ill statethat.if J eniol'sthe Liotri'illcpropert-\'(l),tlien
l r,,slnrn.rclr'ic conselr,ativr. cliiTusion e rtensiott )' ol'X is trrticltre attcl coirtcitles u'itlt
thr'onc-point lc1'lecrioit i of X at i) ul) to it cltrasi-ltottteottttlr'ltitisn.t. niilltr:1t'. u cluasi

Irunie onrrx.phic irna-qe ol )' is icle rttical ivith X . and litt'thet.tloi e the crte ndcd Diliclt-
lci space ol' )' equals the leflected Dirichlet space (.r1cr . r! '''r I ol 1, indepertclerrtli'

of the smooth rneasure l, en'lployed in the tirrle chatlge.

The proof of Theorern 6.1 u'ill make use of the follorving general obsen'ation.

Ou,ing to the works of S. Albeverirt.Z.-M. Ma and M. Rdckner 11" 22) and P.J.

Fitzsirnnrons [ 14]. the quasi-regulariO' of a Diric]rlet fbrnt tras been knorvn to be not
onl1, a sutticient condition but also a necessary one lbr the existence of a ploperly
associated right process. It is iirrther shorvn by Z.-Q. Chen, Z.-M. Ma and M. Rdckner

[9] that a Dirichlet form is quasi-regulal' if and only if it is quosi-hotnernrorythic

to a regular Dirichlet fornt on a locally con.lpact separable tnetric space. On the

other hand, it n,as knor.vn that, if trvo rcgular Dirichlet spaces are equit'olent irt the

sense of[16] and [17, Appendixl, then the equivalence can be indLrced by acertain
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CluaSi～ h011looll1011,1liSlll oftlle u1ldcrlylllg sPaces Hc1lcc thc equivalcllccoft、 /o quasi―

rcgular E)irichlet spaccs call bc llldtlccd b)' stlch a 11lap as 、/ill bc forllllllatcd in

Thcorcll1 6 2 1n thc spccinc scttillg of Tlloorcin 6 1,thc Dilichlet spaccs of/an(1

χ・ ctrc botil quasi-lcgular and they call be shoヽ vla to bc eqLlivalcnt if thc I´ iouville

l)ropcl‐ ty(1)is Valid Thus Tlleolcn1 6.1 lb1lows flolll TllC01‐ ell1 6 2

2 Energy Form′ ρ and lVeighted Beppo Levi Space′ ρ

Fol a nxcd Borcl function ρ on R″ satisttillg(4),dellleジ ン
・プ

″
,D′ by(5),(6),(7),

rcspcctivdyヽVc put D子 (″ ,r)=D″ (″ ,P)+JI″ 'ヽρど‐v.`′ ;rCノρ
.

Proposition 2.l r/2′ ′″
`′

3)'′わ′777r'″ ==(D′ ,`夕
″
)′sα ′でgι

`た

″・ダ′θ″gみ ′ヽο
“

7′ α″〃
′″′で〃ι

``ル
ノ
`Dデ

′・7F・力′ピrわ″″θ′7ん 2(llt″
:ρ〃I)

P′ο9′ G′′,1/2ル r′″′ゝ̀,i Suppose{“ た}⊂ .クρ iS DI― CauCh).Thcrc cxists then z`∈

ん2(■″
:ρ

`′

_t)alld″たconverges t。 :r ill ι2(R″
:ρ″■).Fol each″ >0,Iι rた

IB,l iS

D―Callchy on 3,by(4)and sO,∂ ′ιlた → ∂,ι
′ill ι2(B′

). 1≦ ゲ≦ア7 0ne can filld a

subscqtlencc{た ,}StlCh that

`イ

た → ′イ, ∂′
``A,→

∂f!`,1≦ メ≦ ′2, ae Onば 、 as ι → ∞

Bv Fat()tl's lclnina

Dl(″ ―″ぃ″
`イ ")≦

lilll infDf(″ た.″ぃ
“

(′

~“″)→ 0,〃 → ∞

R′grr′

`′

′′ぃ
,i TakC ally boullded ι′∈.夕′)F()l a13y ε>0、 wc nlld,>o witll

/.`陶らム<よ .L〆ハ<&

C11()()、 c“|∈ ε

'(I″

いVit11ダ,=1()nβ′ψ=O on ll々 、お′.二 alld O≦ ,_1 0≦
|▽ ll l三 1()ll lr′ Thcn

叫
"切

″刊 に 21_O oれ 0齢0ぬ

+21v(卵α到し0み +Iプ〆・≦5,

Sincc″ψ∈〃||(3′ +2),thCl・e cxists、′∈C,(B′
・ 2)With

勇′ゃぃは剛2HΨ _司ほイム‐
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Hence, b1'taking (4) into accourlt.

Di,'Qr - l.u * .l) <?Dt,'lu - u(p.tr -uq) +2Dlfutp - f.uq * .f ) < 12t,

Markor,plopert),. strong locality and irleducibility lbllorv liom Tl.reorerr 3.1.1.
Excercise3.l.l and Corollary4.6.4of U1), respectively. ll

\\re corrsidel the quotient space!4/' - t4,'1.4' of 9/' relative to the space ,/,'' of
constant firnctions on P(".

[,emma 2.2 4//' is tt Hilbcrt )^])ece v,itlt iruter pxtduc't Dr' .

If'ut e'4" i.rD"-r:r,rrvergettt tr u e gn cts k --> x. tlrcn tltere ure (;on.\fonts ctt sLtclt

tltttt rrs - L'k cotil,erge.\ t() u in L?,,r(?,") as k -+ oc.

Proof We use tlre Poincar6 inequality holding fbr each ball B, . i' > i :

)r
l\/ri(.r)l-r1.r'. tr e H'( B,\. (8)

whel・e(″ )l=1311~1.ち |″
(・ )`/1 and C′ is solllc pOSit市 c c01lstant(cf[19,(745)])

Let i″ }々⊂ グ″ bC D″ ―Cauchy Therc cxist thcll チ:∈ ι2(R″
:ρ〃_I)such tllat

tら ι′( → ′)11l ι
2(R″

:ρ〃■)and hencc ill ι
2(3′

)aSた  → 00,1≦ メ≦′2, 7‐ >1
Sct`ん =(″ん)1.By(8),1″ スー

`ん
)iS ι

2(B′
)_Cauclly ftDr cach′

‐>I Let″ ∈ Li)ビ (R″ )

be the linlit func● on Thcn,おrany ψ∈ε,(R〃 ).

fr加…町→∝
.1‐″尊喩'″

=ヽ■
[″
い繊ダt=I―μぼヽ

so thatん =∂′:f、 1≦ ノ≦′!                            □

Let(Zイ .こ
う′)bC the extcnded Dinchict、 1)aCC Of Jlc cnergy fornlィ

'フ

Corollary 2.3 1ス 1⊂ ′′.`″
!`′ ′'(″ ,7r)=D″ (2`、 lr).′′∈:ス

`リ

′′
`,`ィ

/Ft)1′ ′∈ /~1 1llclで cxist√ rr C./~′ '・ た≧ 1、 whicil is D″―Cauchyをl:]d coll、′crgc

lo′ rac a、 た→ :χ :lccolcling 10 thc(!enllitiOn l1 7.Scct1 5]Bゝ :Lcnlllll1 2 2{″ スli、

D′ 'convcrgent to、 onlc l,∈ グ″
al〕 d,1ヽ 1、 on〕 ec(洸〕、tant、 こA al〕 da、 ubscquencc{た 11,

″た`+(■,→ rac asι → ∞ Hcllce c=lill11_～
`人
.CXiSts an(11`=1,一 てso th[It

“
∈′/'and{″ ス}iS Dρ ―convettcnt to″                    □

For a gcneral regular strol181y local Dilichlct forlll′ =(′ ,.夕 )On L2(E:,″ ),

tllc cnetty nlcasul‐ c/ィ

")i、

wcll deinedお rl`∈ .ら。c and,accolding to[6,Thco―
rcm6 2 131,tlle lenected Dirichlct、 pacc of′ can be denned by

静 1`Fぷ 翼 LVil「
'Iプ

1硼
ムⅢ O<劇

 。

whclc rl“ (■ )=(―た)Vι′(■ )∧ た

んlZrl l l」ぬ力・≦c五
,
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Lel (.q/'{"r,5:n Let ) he the reflected Dilichlet space of the energl' form dr'. 81'

virttre of [6, Theore1i4.3.] ll, thc energ): Illeasllre of a bounded u e .?t' is given Lry

1rq,4Q!t) : lYulpd.t. Thus rve have tl'orn {9)

l ?,"n : {rr : finite a.e.on R". rrlr € Hrl,.(}1"). supu l',,, lYr,rul7pr1,r < oo}

f 1,,"'' (.rt.rty: linrT -.- l'. lYrlul?ptlt. tt €.7t"e1 .

( l0)

Proposition 2.4 It lrold,s tlnt

..it,.ttl - 4.t', //,t,.tLl - Dt .

Ptrtti'Fyorn (10), rve obt'iotrsly havegt' C g/)'tct and it'r''tct (u,u1 : D/'(;r, rr) lirr
any Lt € l4r' .

It renrains to shorv that -9/'''"1 C 9/' .Fot' an)'rl € ./n'tct , \\'e see by Banach-Saks

theoreln (cf. [6, TheoremA.4.t]) that the Cdsaro lrean sequence {/; .l > l} of a

stritable subsequence of {z1rr. ft > 1} C .#t'isDp-Cauchy alld con\/erges pointrvise

to rr. By Lemma 2.2, there exist collstants c1 atld v'€Ut' such that .t't - ct --+

ll irr l2(8,) iis I --+ oc fbl each i'> 1. Choose a subsequence {1,,} such that

f't,,-ci, --.> lt;a.e.onR"ursP--+N.Thenc':litnu*--ct,existsandri:)1'+c€
.4t,. I

3 Liouville Property of Rotation Invariant Energy Forms
on lR."

Tlreorenr3.l Letp(.r):i1(l.i'l),.r'e F,/'..lbrtrlttt.sitiveCt-frtttt'tittrt i7 r;rr[0.x)
,tttclt tltut t1 i.s t'otr.sttrttl ori [0. c) t'or srntte t: > {).

Tltctt tlta etterg,t'.fitnn r'.'t' totist'ies the Litttrt'ille Pft)p('rl\'{.\) tltctt tt > 2.

\l'lratr tt : 1, tlint(.// ) : 2 irt trrtrtsitrtl ctr.sr',

l'trtof ln r icrr' o1'Prultositiolr L I linri l.I . it sLrl'ficcs 1o cottsitL-t- ottlr' Ilt.' trtttsicttt

ciise in oltlcltn r,cri11,thc LioLrr,ilie l)l'oi)crt)/ (ll. Aceorclitt-g to Tltcote ltt l.6.7in thc

lilst etlition ol'I l7l. J /' is tlansient i1'ancl ortly il

(11)

In rvhat fblloivs, we assullle that r1 satisfies condition (l l).
Ittlrerrfollou,sftonr 1/r': (r"-'3r7(r'))tlz611r)r"-t ) i"landtheschrvarzinequal-

ity that

{'* #'=ttr <a'

f ,* '"-"(')dr 
: x' (12)
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We use the polar coordinate

,rl :/'cos01 . .r'2: i'sit.t01 cosl/1. ,rj: r'siltfi1 sin0:cos0-t....,

-t, l:l"sitt01 sirl 62...sin0,, 2CoS6,,,1, -rii:/'sindr sirr6l ...Sin6,,,rsitt0,,*1.

Then, fbr r. r, € C,1 (Rii),

P/)(rr. r,) ( 13)

= t [,,,,., + 
/"'r'dr 1 l'',''1" -...+ ---LLa+-]./r1.t),r() "l/r-:rlt).1:rI t- r.isin.r/l r.]sirr:f/1 ...sirtrH,,_^l

x 4(t''1r" 
-l .i,,ri-2 61 ... sin 0,, tdrdil1 ...dH,,-r.

For a C-'-function t/ ou F,/?. we denote by 1,,(u.rr) the value of the integral of the
right hancl side of (l3) tbr r, : rr.

By Proposition 2.4,tbe reflected Dirichie t space of 5'/' is given by (g {' , D/,) rvhere

4l/': {Lt € Li.-(1F,") : / lvrrrrll:rl(l.rl)r/.r < co}.

Since the exterlded Dirichlet ,rur" f.ll'.D/']) ot the rransienr energy fbrrn 6'i, is a
real Hilbert space possessing C,)(R") as its core, x,e have

./1''' : Iu e 9r' '.Dp(u. t'):0 forevery l'€ C,-(lR")1. (14)

By noting that p(.{) : ,l(lrl) is a C'-functiott on F.". u,e lel

Lir(-r): Arr(,r)*Vlogp(i).Va(.r). .\ € l:l/'. (l-5)

\\/e sitl' tliat rr is {/'-ltunrtorriL il'

I € C-(i."). Ltr(.r) :0. .,. [ :".

Ecliration ( 14) then inrplies that r € ./{ i|' antl onl), i1'

il is 4/'-halnronic and .I,,(rr,lr) < co. (16)

It also follorvs irorn (13) that rr is rfr'-harrlronic if and only ii'

rre C-(:."). /u1r.d1,....fl,, r):0, (i'.et.....H,, t)e (0.oc)x(0.a')"-lxl0.2zl.
(11)
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、vhere

27r(′・,θ l,.… ,o,_1) (18)

=嘉 。だズが・ )十
戸薫者「 当裏弄

。らげ れ ｀ 十
戸話 鵠 瓦

0・
・

♂‐
のL

+… +      観 Ⅲ l鍋L.十     ←ら判ヽ 判

Now take any function tィ  ∈〃 *.やVc nrst claim that

耐=Jれ
`に

酬囀賊H∈み

u6,,-, : o. (19)

Put■ '=″ ″″ Then■ '∈ ε｀
(R″ )because、 ザ(r)=一

“
1.(■ )A′,+“ 、.(■ )■″_1,A∈

R″ Due to thc expression(18)of_Z,WCを 1lSO haveダ lr=(プ zィ )● 1‐ 00■ (0,∞ )×

(0,π )″

~2×
[0.2π ]ThtiS il'SatiSies(17)so that■ 'is ι

.′ ―hall■onic

For β,=〔 、∈■″ll■ |<′
‐
)and the uniお rlll probability mcasurc r7(ζ ′ξ)011∂ Bl,

11l tilcrclclrc adnlits thc Poissoll llltegral fol‐ nlula

(20)

wllelc κ′(■ ,7・ ξ)iS thC POis、 oll kclllcl for β′with lesI)ectto L,、 vllich is k1lowll tO

bc continuous in(τ ,ξ )∈ B′ ×′
'31(cf[20])ヽ

re alsO note t1lat κ′(0,7ξ )=1お r

any ξ∈′)31 by thc rotation invaliallce of L arotind the oligil1 0
Fix″ >0.It then ilolds Fol ally 7・ >`′ that

“
申 ■1∴

螺
…

04崎‐ 風ぬい ∈年 押 鞣

IIcncclif wc lct  sup  κ″li.`′ ξl)=Ca<。 C、 then,お「v∈ β″‐r.ξ2∈ t'31,

、てお Jt,=′′/,.

A ,,.r'; ) ( / l, ,,.,.,( tl-l{ri-:lt= 1.('r{)./-tr: (

and it lbli0\\,s tlonr (20.1 that

lrr'1.r)l < C,, / lrr (r€)lIl(,/€ ). r € 8,,,,2. t' > (t.
J;'r,

Recall that v,: ut|, ,. We denote b;,o,, the area of ilB1. We rnultiply tlte botli
hand side of the above inequality by r'"-r17(i'). integrate itt r from rr to R. apply the

Schrvarz inequality arid finally use tlle expression (1-l)to get
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,/TA,. r). .t € 8,,i2,

、′hich tellds to O as R―)(χ by(12)alld(16)SillCe α >o is arbitl‐ al y.wc allive at

(19)HCle thc nllite enetty pl・ Opcrty rtDl‐ ″∈グ′is crucially utilizcd

lt also llolds that

ι
`“

=O ttDl・ any l≦ た≦″-2.      (21)

111ね ct,11'wc let ξ:=),1≦ ノ≦″,ξ =(ξ l,… ,ξ″)∈ ′〕Bl,tincll θた,1≦ た≦7`-2,
is(ln an31e oftwo″ v̈eCtOrs ξ(た

'=(0,… 91ξた,… ,ξ″). et=(0,_0,1,0,…  ,0)
ヽ

一
                   

― 一

Lct てフ bc an orthogOnal nlati｀ ix 、′hose(″ ―-1)― tll and 7,‐ th ro、v vcCtols arc eた

and e~=lξ (A・ 1)|~l 
ξ

(た・
1), respectively. lVe lllakc thc 01thOgonal tl‐

allsforination

y=Ox Thell F1/equals an angle oftwo vectol‐ s oll tlleぃ 、卜}ぅ′)― plallC in the llc、 v

coordinatc systelll y alld(21)foHOWS■ Onl(19)as thC explessi011(7,of D″
(″ .1')

with ρ(■ )=,7(|■ |)1・enlains、 ′alid fol‐ y in place of x

Thus rr depencls orlly on r and. in tenns of a scale function ri,r(r.) :
(0. oc), ( I 3) ancl ( I 8) are reduced. respectively, to

〃′

'7(7・
)′
・′:1° 11

1,,(u. u) : o,,

By(17),y″ =O so tha需ギ
equJS a cQlsね減 C and′″(″ ,″ )=σ″C2ド (0,∞ ).

ヽヽ′hell′ 7≧ 2,,,(0,∞ )=∞ [11ld wc sct C=0■ Onl(16),yieldillg tllat“ is

constant Whell′2=l and ρ(■ )=,7(ITI).I∈ ■,fOr a pOsitive continuous ft11lc―

T171』 IJ)ξ:1曹 賞
/Pη←1)|〃A<∞ ,“ =`1+`3ゝ q,c2∈ ■ tOl■ ,←、)三

Thc condition for η to hc a positivc constant nc釘 0 1sju、 t hr sinlplicity tllld it

Cを1:l bCヽ′Cttkcllo(l al)proplヽ itttely

4 Strongly Local Transient I)irichlet Fornl√ alld a Tiine

Change」r of the Associated lDiffusion

Let(E,″ 7、 ′_夕 )and(.2.`夕 :・

)be as is stated in thc bcginnin3 0f lntrOduction

01lce for aH,wc assuine thatthe Dllichlctお rm(6‐ ,多″)oll ι
2(fi′ ″)iS tl・allsicnt and

Str01181y local Lct X=(X′ ,ζ ,Pl)be thC as、 ociatcd diflusion ploccss on E

Tllc lifetilllc ζ Of X Call be inite or illlllite Sillce χ adlllits no killillg illside E,

wc gctll‐0111[6,Tlleolen13 5 2 alld Colollary3 5 3]

P,(lim,*.X,: ir):1 q,e. -t € E. (22)



where i) is the point at infinitv of E and rr is an1'cluasi cot.rtinuotts function bclonging
lo thc cxtcndetl Dirie lrlet :pace . i, .

In the renainder of this paper, we fix an arbitlaly positive llnite measure v oll E
charging no 6-polal set such lhe the quasi-support of rr equals E. Let A be the positive

con{.iltuous additive lunctional ol X u,ith Revuz lueasute rr. A typical exarnple of such

arneasrlrerrisrr(r/,t): l(-r)ni(r/-t)forastrictlr,positiveBorel ftrnction.lonErvith

.1 ,. t'r1,,, < rc zurci. in this case, A, : [rlr''' f (X,)rls. I > 0-

Let X : {*,. q . P,) be the tirtrc changecl process of X by rneans of A:

X′ =χぅ, 乃=inf{,:A、 >rl, ζ=Aζ .

X ir o tliflusion process on I symmetric u'ith respect to the measure rr and the

Dirichlet torm i : ti..q) o1 i on *(E; r,1is given by

′=′ ,

〉ノ

Liouvillc Plqrerty of l{alrnonic Ftinctions ,..

ri'hiclt is stlongll, local and regular 16, p.

Proposition 4.f (i) Ir Jnld,s tltut

P、 (ζ <∞ ,lilln′ 1.χ′=∂)=

P、 (lilll′→こ:イ (χ′)=0)=l qc I∈ E,

35

(23)

(24)

(25)

=4,∩ ι
2(ュ

1,),

1831

P、 (ζ <∝)=1"′・クで■∈f

(ii) Tha exrertderl uttd re.flectetl Dirk'hlet .\pctce .\ of (i;..i) eqttcrl {.9,,,6') tuttl
(.?\et . ('tcl ), respe c:tive!.t,.

I'root (i) It sufflces to shou, that

P、 (ハ 、 <∝)=1 for q.e. .r e E. (26)

Tirke a strictlt,posilir,e Bolcl lirnc{irirr ir ott E lr'itlr f, lt(;:1,,,14.r)rl.r' <:',.. B-r'thc

ttairsicnceolXrrud{(r.Prrposition2.l.-11. llii(,r).::xlilrri;-;t.c.reIrihr'r'c1lis
thefi_or.cli:rt.csolycntoi-X.Forinte-qeri > l.letl, : i.i.e I:Rlr(.r)< i),Then
R((/1/r)(.r) < rlblany,r € E.

Frorn [6. (4.1 .3)], \\,e have fbr each I > I

r
I tr, IA-]/i(.r)rrrkl,t): (R(/.r./r;. r;) < 11'(fl) < oc.
Jt.

Asrrr(E \ (U3, A,)) :0, itfbllor.vsthatE, [A-] < x,,r-a.e..1' € E andhenceq.e.
.r € E by [6, TheoremA.2.l3 (v)], yielding (26).

(ii) is a consequence ot the invariance ofthe extended iind reflected Dirichlet spaces

under a time change by nreans ofa fully supported positire Radon nieasure charging
no d-lrolar set [6, Corollarl, 5.2.12 and Ploposition 6.J.6]. n



II. Fukushirna

Since the lif'etirne i of rhe tirle cltangeci cliffusion -i i' hnite P, -a.s. tbrq.e.,r e E
by the above proposition. the bouudary problent concernin-Q possible N4alkovian
extensions ol-X beyond its lit-etinre ( makes a perlect sense. For clitfblent choices of
rr, the cliflusions X shalc a conrnon geonretric structllre related each other only by
time changes. So the study of the bounclary problern for f as ire shall engage in the
next two sections is a good u,a), to r.nake a closer look at tlie behavior of the diffusion
pl'ocess X around 0.

5 One-Point Reflection of -t at 0

Denote b1, E"' the one-point compactilication I U {i)} of 6. The rneasure l is
extended from E to E'' by setting u({i)}):0. In this section. we constnrct a r,-

synnretric conserr,ative diffusion extcnsiou of X fi-orn E Io E" by constmcting a

i'egnlarstrongl)i localDirichletfbrnron L2(E':rr).NotetliatLl(t'' ;l)ciinLreiden-
tified rvith L)(E; r'1.

Recall that tlre reflecte<l Dilichlet space (.7''1 , ,''r ) ol the regular strongl;, local
Diriclile t l'orm d' : (6 , .? ) on tr (1r; iii ) is given by (9). On account of the property

16, The orcm4.3.10l of the energy measure /r1,,1 fot' u e .V1,,,, this nreans that

7 € 9'"r, 8"{ (1, i) : o. (27)

Furthermore .V,, does not contain a non-zero constalrt functicxr lrecause of the tran-
sience of rf'. In r.vhat follorvs, every function in the space ,9,. is taken to be rf -quasi-
continuous.

Let us define

Ir: : lu * c : u € .?,. c' € IRl.
t -,.,l8'@1f r'1.it3 *r'3): €(ut,rrz), u; € 9,. t'i

(.7.: , €*) is a subspace of t.?'*t , €'"t ) -

'Iheoreru 5.1 {i) Dr/ittc 7 - )-, lt l}(.E: t,).'['lrt'lrtnii 1;, - 1/' .,i ) i.s tlrt'tr ti

i't,grrlrrr :lnrtglt !ocul Diricltlt'l .frtrrti rttt /-r(l:'- : r ).

(ii) Tlrc e.rrettded Dirit'hler .s:por;t: o.f [, '' nrptrtl.s (9,. . ,!, ). 6 i.s t'c(urrettt.

(1ir) Let *' : (*,', P;) t;e rhe di.{fu.siort pro(e,\,\ otr E'' ct.s.srtciatetl v'ith i . Tlrt pr,,'t

of-*' on E being killetl ultort ltittitrg i) is tlrcn iclettir:al in lox,tt'itlt {he tinrc clungerl
dilfirsiort X. X"' is t'onservutit,e and irreducible.

Prortf (t\ Ct;utptetenes.s. Suppose n'/,: tt,,*C,t <,i''. , > 1. ale 5j'-Cauchy.
Then {rr,, } C ,?, is an d-Cauchy sequetlce. Due to tite transience, it is d-convergent
to some u € 9,. and some subsequence {u,,, } of i[ coni'etges to 11 q.e. on E in vieu'
of [6, Tlreoren2.3.2l. {rr',,} is l.](f I rr)-convergent to some w e L2(E; 1,) and a
subsequence {u,,,, } of {u,,,, } conYerges to }t' 17-a.e. ol1 E. Hence liml*-c,,' = ('e\ists

ancl rr' : rr * c. Hence {rr,,,} is,f,.'-convetgetiltov' e .7".

(28)
rTD i r aEr{! { 

- 
t.4.
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lilrrrko| properi.. This tirllori,s fl.onr (0 ,.. 1r.) ,/\ 1 : i(*r,) rz rr] A (1 - r') * r: tbr

lr':r/+(€7,: .

Regulttritt'. For an), bounded rt:it*c€?,, choose u1.€.7,,nC,(tl)
r5'-convelging to l.lrVe nla)'assurtte that {rll}are uniforntli'bounded b1'[17, The-

orern 1.4.21. By [6. Theolen2.3.2]. a subsequence {fr1 } of {rr1 } converges q.c. to
rr. Since .l',,,,irtv is unifoln.rll, bounded. the C6saro rliean { l1 } of a suitable sr-rbse-

qLrence of {71 } conYelges to l' e t,)(E:t,) Sirlce l1 co]]\'erges to lr ]r-a.c.. .f : u.

Then,li + c e i," nC(E') is,i, -cottvcr-uellttol/ f t : tt'-

Stnnrglot'rli'r'. Suppose. ioLrr';: rri+(i. u1 €.?, nC,(E). i:1.2, that ll'r is

constantinaneighborhoociof Supp(rr,2).When.2 :0. d''(rr'1. rrr) :0bytlrestrong
localitl,ol'4.Whencrl0,thesetU:8"\Sttpp(rr':)iseitherenlptyornon-clnpty
relativell, colllpact operr subset of E. In the fornter case. 6'' (rr' 1 , 11)1) : 0. 1n the latte r

case, r/2 : -.'t oll U, rvhilc Supp(rl ) C Ll and 6"(rlr. rr')2) : [,'(.tt t. ttt) : 0 again.

Tl.relefore d''' is stlongll'local on accoullt of [17, Theorern3.1.2].
(ii)The inclusion c canbeshorvnbyusiug[6.Theoretrt3.2.3].Conversell'. lorany
rt e 9,.' , its truncations are ilt i'' and, convergellt to ll poillt$'ise ancl in 5' . Flence

riisintheextencledDirichietspalceof i'.Sin..7e .9,', arlclf'(i, l):0. j is

recurrent.
(iii) By virtue of [?. Theoleni4.4.3l, the part ol 6''' on E adl.nits ,?,. a C, (E) as its

core. So it coincicles q'itlr the Dirichlet lbrnt (24) on L21E; rr) associated ri'ith X.
Hence ,[" is an extension of *.

Sincir' i' is lecurrent. i'' i, ,'e.,,.."nt ancl in partictrlar conservative.

In orcicl to veritl' the iredtrcibilitl' s1' r". the tesolvertts o1'X''. X ale denoted

b:'R;.R,,.respectivell,.a1drvelets,,(,i.):E,[r'i]. ,.E (/.s)rvillstancllbr
theintegral ,l t .f gdt,.Byllie stronglvlat'kovpropert)'of i'atthehittingtinieof 0,

ri'e have fol arry bourrclecl Bolel function ./ on l-.

R,,.f (.r): R".l(.t) + rr,(,t) B;.f(a), x € E. (29)

By(25).r,(-r) > Oforq.e..r e Eand I - rro(-r) : ctRul (x), ,t e E.Byintegrating

rlre htirlr lrand sides of (29) h.\' r,. ive rl)us Set R; i (i)) : 
(','"' [), 

Herrce it Ibllorrs
o(rr,,. l)

fronr (29) that

(ム Jノ β)≧
(ffα ,′ハ)(“ ,,ノ 3) >0,

a(u,,1)

tor any Borel sets A.Il C E rvith positive 1)-llleasllre. f ielding the irleducibility of
X-. T

In accordance u,ith [71. u,e cali X'' the tnte-poirtt re.flettirtrt ol * ot i).
This tl'reorern is a generalization of Theorem 3.2 in ! 81 tvhcre a stronger assultlp-

tion of a Poincar6 inequality for cf' rvas rrrade. The first construction of such a one-

point reflection at a goes back to [ 1 -5, Sect. 8] rvhere i : X ancl X u'as the absorbing

Brorvnian motion on an arbitlarv bounded donttiitl ol !,".
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As has been presented in [18] and [6, Sects.7.5 and 7.6]. there is an alrernarive
quite cliff'erent \\'a\/ to coilstruct a one_-poitit reflection.t'of i at i) bt,usiltg a
Poisson point process 01'excursior.rs ol X around i). u,hich makes the structure olfhe
constructed ptocess_X'' nlorc lransparent but requires_a certain regularity conclition
on the resolvent o1'X in the construction. Notice that X'' becomes irreduciblc. q,hile
.t ,'t,ay notbe. See Exarnple 6.2 in [18] in this connection.

In the nexf section. rve shall shot,that, if d satisfies the Liouville propel.ty (l),
therr an1, slrmmetric conservati\re diffusion extension of X ntust ec}ral X'' up to a

q Lrasi-homeomorphisrn.

6 Liouville Property of 6 and Uniqueness of a Symmetric
Conservative Diffusion Extension of X

Let I Ue a Lusin space into rvhich E is homeotnorprlalll,enibedded as an open sirbset.
The measurc ri on E is extencled tn F t,y setting lt6 \ f'l : 0. Ler I, : 1 f,. E 

t'. pf' I
be an1, r,-syr.nntelric consen,atir,e diftlsion process on E rvhose part process on E
being killed upon leaving E is identical in lau, rvith X. We denol.e by (6'r . .7)'1the
Dilichlet fbrnt o1'Y on C( f 1r1. We call I a tt-s\,ttrntt,tric'r:ctnsen,rttit,e di.ffu.tiott
etertsiotr of *.

Theorem 6.1 Suppo.tc 6 :orisfie.s the Licttrt'ille propert\, (l). Thert we lutt'e tl*: fol-
lorittg:
(i) As Dirit:ltlet .fbnn.s otr L2 (E. t,1,

(′
y,多 y)=(′・,ノ・). (30)

(ri)Thee.ttetrtlcrlDirit:liet.tltuceoll/;t..7t')etltutls(7,.{, ):{.?1''t.,1tc1 1.

\itt)7'tuilarP\.',.ttrrli tutrlt,P-,.tlturcrlr('.\(ttit(fittircdinterr.siottrtl tli.strilttttitttt.s

.fitr trttt trort-ttt,gutit't,,q € Lr(E, l,).
(it'-lAtlttttsi-ltorrtrotrtrsrplricititrrgtrlf irttlttsltaLi/it.lcttsatlt.rrriltctl iriT'lttrtrarii6.)
lti,lrl;, i.s idarttitttl rr illi .i

Proof'of Theorern 6. i (i), (ii), (iii) \Ye use basic r.esults due to Albi-r,e rio-h,la-Ri)ckrre r

11 .22). Fitzsirnrnons [14] and Chen-Ma-Rcickner [9] being folmulated in 16]: 1t"t'

is a cluasi-regular Dirichlet fornr on t(E: "-) and l' is properll, associated with it
i6, Theorenr1.5.31. By considering the irnage by the quasi-homeomorphsim i irr

[6. Theorem3.l.13l, rve can therefbre asslllne that E is a locally conpact separable

nretric syrace, rr is a tully supported positive Radon rneasure on E, 1['\' . .$\') is a
rlgular Dirichlet furrn on L2 1'E'. v) nnd l' is an associated diflusion Hunt process on
t. g is now quasi-open and hence q.e. Iinely open in 6.

Since X is the part on ,E of I. rve can use [6, Theorem3.3.8] to characterize its
Dirichlet form (24) as
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.V : lrr e 9| : 11 :0 q.e. on t E\. {i :5t' .'tr',.i *.i,

ivherc cvery function in .?\ istakeu to be clLrasi corltiltuotts. This nteans tliat .7 is an

ideal of 9t' ,il rr € ,ir,. v € ,?,1, ,then ttt' e ir,. inotlterrvords, .?Y is|tsilverstein

extension of .4.
We can tlten invoke [6, Theoreni6.6.9] about the r.naxiruality of the lellectecl

Dirichlet spaceof i ivhichequals (.7''r. d'"i)by Virtueof Proposil.ion4.l (ii)Thus
u,e have

,?\' c .9',"1 t:,7'"1 nl2(E: ir)).

But under tlie present assumption ( I ).

夕ぼ =々 , ′
ref=′*, aCf=グ *

(31)

so that .:?)' c .i''' . As I is assumed to be cotrservative rvhile * hus , fiuite lif'etinle

in vierv of Proposition 4.1 (i). :i it n proper subspace ol ,?t' . Hcnce we must have

the iderrtity .?)' : ,i" . Srnce )' is a diflusiou u'ith no killing insicle E, the regular

Dirichlet fbrm (d')'. .9t ) is strongll, locul so that d ) (1. l) : 0. Consequently. lbr
rr':rr*('. u€.i.t'''(rr,.u'.) :6't'(u.u):[(tr.u)-6' (rt'.rr'),yiekling(30).

The assertion (ii) follorvs tl'om (30), (31 ) and Theoren 5.l (ii).
By (30), I and X genel'ate the sarne stlongly conlinuous Markovian senrigroup

on Lr(E: u) yielding the assertion (iii). []
Here rve give oue rernark on the above proof. Let (6..9) be a quasi-regular

Dirichlet lbrm and r be the killing nreasure in the Beurling-Der.l)' representation of
1,. Theorenr 6.6.9in the book [6] by Z.-Q.Chen and the present .luthor states that.

anrong all of Silvelsteiu extensions of (rf', .7). its lellecteci Dirichlet space is the

maximal one. Actualll, tliis statentent holcls true ttttdet.thc conclition that

κ=0 (32)

But thc colditiotr (32) is tnissitrg in that stetenrcnt o1'[6]. We *'ctuitl like to tirlie this

oitltrit tuniti,to corrtcl rt h-r,r'erlLriring tlre conciitiort r3l) Ol cotttsc. (il)is lillfllle(t
bl,tltc preserrt stlongll, local Dirichlct lirnrr (11 . 2). lrt this cortrtcctiott. sec: itlstt the

1rlool' ol' Tlieorcm T. I.6 in I61.
In accordance u'ith [17, A.4], rve say that a cluadluplet (E . trt . ,l . .7 ) is a Diriclt-

let spuce if E is ii Hausdorff topological space r.vith a cottntable base, rrt is lt o-
finite positive Borel measure on E and d u,ith donlairl ? is a Dirichlet form otl

L? ( E : nr). The inner product tn L2 (.E ; rr ) is denoted t -"- t',' ) r. For a -tiveu Dirichlet
space(6, m.€..?),thenotionsof an€-rte,st.in€-polarset.anS'-cyru.si-c()tttittttutts
nwnercol .fitttction and'8-quusi-et'ervv'ltere' ('5-q.e ' in trbbreviation) are defined

as in [6, Definition 1.2.12).Tlrc qucrsi-regularih ol the Dirichlet space is clefined

jtrst as in [6, Definition1.3.8]. We note that the space,.4, -.9 aL*(E; irt) is arr

algebra.
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Givcn two Diliclllet spaces

(ε ,7'7,′ ,多Z),  (E,7"ど _/~)           (33)

we call thel碗 ισ″ハ'α′ι′!r if thcl・c is an algebraic isonlolpllis■ l φ fl・om.:るりontO影弓♭
prcscrving thrce kinds of llletncsi for″ ∈jれ

|″ ||、 =‖φιイ‖、,(″ ,″ )[=(φ″,φ″)=,ど
.(″

,″ )=ご (φ″,φ″)

01lc of thc t、テo cquivalent I)irichlct spaces is callcd a,で1)′
で,ゞ ′′2rr″ Jο72 0f thc othcr.

Tlle underlying spaces E, ε of two Dilichlet sPaCCS(33)al‐ e Said to be 9ι frrs′―
んο′′7`θ′″θ′″層r irthcrc cxむ tご―ncst{多′}ぅ び'―ncst l馬 ′l and a ollc to onc inapI)ing g
ilolll E。 =∪肛l馬′ontO Eo=∪肛1馬,Such that thc restndi()n of g to each馬 ′is

a homeolllorphisnl onto 4`{馬 ′|,{馬 :}arc Called the″ ぃパ′″α
`力
′〃′

`,′

/7′ ク̀̀
イ

7Sゴ

ノに
'″

7C・′
'7θ '7D/7ノ

S7,77 /ゝ 1ly quasi―hol)lc01■ 01plliSlm is qLlaSl llotion-1)rCSel、 ′11lg.
Wcsay thattllc cquivalcncc φ oft、′o]Dirichlet spaccs(33)メ s j7:ど fr`″〃わi,rl″″α.ゞ′―

ノ2θ″7′0′ 7,0′
i12/1ゴ

.'″:9 of thc undcllying spaccs if

φ″(1)=“ (ク  1(1)), `′ ∈.名′. ′乃一ac.1

Tllcl口乃is tlle illlage lllcastlrc of′ 7,by θ and(ご
'.`夕

)iS the llllagc Dllichletお 111l of

(/・ ljア )byク

Theoren1 6.2 As.,ι ″″
`′

ノ,ar r11,ο Dノ′ノcみ′θr w,`ltで S(33)α ′でク′
``お

デ‐,でgι′′α′‐′″′′/2α r

Fみ 0.α ′で′

`ι

′√1`7′
`77/ι `′

χ =(χ′,理1)(′ で̀ψ χ =(X′ ,■ 1))わ
`″

″′″―o'′″′
'で

r77`′ むヵr

ノ
'′

θこでヽ
'θ

ア′ε (″S″ α″涌‐ぃァヽ7″ ,7′ r7たり・む′2′ ノ
'7つ

こで、,,ゞ θ7,E)″ ′つ′′″小 α`S,οて
'α

r′r/、 1,ルノ7

(´ ,こ /~'イ ,′′/_2(Eソ″)(7`_9/,(ど 、しア)。ァ,L2{1:′乃))刀 7θ″′力′
`r/1ィ

メlで′
`77ε

どおル7〃

`rc′
〃

わ3'ごィク″ζバメーカο′
'7“ '″

70′ 72/1メ
ヽゞ′″ク11青力″′αこ/1′

`/77′
バゞ{馬′},{馬′卜:′こんrヵ′′χブ、′力ど′′″αg′

`ィ

/Xな ″lll r/:′ ゎ′′ζ,11,773.ヽ ′7おぐ r力′′で(,、 メヽ√
`7″

″′―ル7ζ、マ77/ノイ7′ おζ′′でノドι
`わ

、s′ /A′ (1′ F

`θ
″r″ル7れg∩肛141ζ″2`′ α′7,71カ′′ヽ こヽり,/ね /β

`′

′で′.w′ /バて,rN`ィ′I(つ′″″771171g∩ 肛|二|ヽ″

r力″ヴノ、、ο7,′ r`′ θ7′′た,〃 !ど Nヽ`,77r`'Eヽ /N7`″ 7`/

X′ =ク (χ′)、  理モ=Fし ,1,  iCE、Ⅳ (34)

A prool'ol this the(x'cnr can []e carried out ils is exlllailred at the end o1 lntrocluction.
See Appendix of [8] fbr the details.

Proof of Theorem 6.l (iv) By Theorcm 6. I (i), the tu,o Dirichlet spaces

\i.v.f,'Y ..91), (.8''. r,.,t''. i")

ale eqr-rivalent in the ahove sense by the identit)'| tllap @ frorn.9f,' onto ,ii,. Hence
Theorenr 6.1 (iv) follor.r's fl'ortr Theolern 6.2.

To be rnore precise, there exist a quasi-honreotnotphistn r7 'rvitl'r attached f l'-riest

{f,}onfand6"'-nest{8,}onE''.ar,-inessentialBorelset/t'rvithn,l,4i cI{cF
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fbr )' ancl a u-irlessenti.rl Borel set rt ri'ith rL,ii C .fr C E' fbr *'' such that r7 is

one to onc tiorn E \ A'orrto E 1 ,t' urrd

.*r :tlll ,J. P, :P,',. i€E \N. X

\Ve note that the third assertion (iii) of Theorern6. l tbllou,s fl-om the lourth one
(ir') because the above map q plcser\,es the r)-nteasure.

An analogous theorem to Theolenr6.1 has appeared in [5. Theoretn3.4] for the

reflecting X on the closule of an Euclidean domairt.

Acknorvledgenrents I anr grateiill to Zhcn-Qrng Chen and Kazuhiro Kurvac l-or valuablc discus-

sions orr the prcsent sub-iect, lndeed I orve the plcsent proof ol Pt oposition prop I . I to therr private
c0lr1r)lunicat iolls.
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