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Abstract

We examine symmetric extensions of symmetric Markov processes with one boundary point. Relation-
ship among various normalizations of local times, entrance laws and excursion laws is studied. Dirichlet
form characterization of elastic one-point reflection of symmetric Markov processes is derived. We give a
direct construction of Walsh’s Brownian motion as a one-point reflection together with its Dirichlet form
characterization. This yields directly the analytic characterization of harmonic and subharmonic functions
for Walsh’s Brownian motion, recently obtained by Fitzsimmons and Kuter (2014) using a different method.
We further study as a one-point reflection two-dimensional Brownian motion with darning (BMD).
© 2014 Elsevier B.V. All rights reserved.
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1. Introduction

Boundary theory for one-dimensional diffusions is now well understood thanks to the funda-
mental works of Feller, Itd and McKean. Much less is known for boundary theory of multi-
dimensional diffusions and of Markov processes with discontinuous sample paths. Recently,
satisfactory progress has been made for symmetric Markov processes, and more generally, for

* Corresponding author.
E-mail addresses: zqchen@uw.edu (Z.-Q. Chen), fuku2 @mx5.canvas.ne.jp (M. Fukushima).

http://dx.doi.org/10.1016/j.spa.2014.11.002
0304-4149/© 2014 Elsevier B.V. All rights reserved.


http://crossmark.crossref.org/dialog/?doi=10.1016/j.spa.2014.11.002&domain=pdf
http://www.elsevier.com/locate/spa
http://dx.doi.org/10.1016/j.spa.2014.11.002
http://www.elsevier.com/locate/spa
mailto:zqchen@uw.edu
mailto:fuku2@mx5.canvas.ne.jp
http://dx.doi.org/10.1016/j.spa.2014.11.002

Z.-Q. Chen, M. Fukushima / Stochastic Processes and their Applications 125 (2015) 1368-1393 1369

strong Markov processes having weak dual, with finitely many boundary points. See [25,13,14,
9-11] and the references therein. In these works, Markovian extensions of the minimal processes
are carried out through Poisson point processes of excursions via entrance laws and exit systems.
They are further characterized in terms of resolvent representations, and in the symmetric case,
in terms of Dirichlet forms.

In this paper, we examine symmetric extensions of symmetric Markov processes with one
boundary point. To be more specific, let E be a locally compact separable metric space and m be
a positive Radon measure on E of full support. We fix a non-isolated pointa € E withm{a} =0
and put Eg = E \ {a}. Let X0 = (X?, 9, Pg) be an m symmetric Borel standard process on Ej
admitting no killing inside Eg such that

(A1) p(x) =P20 < oo, X?O_ =a) > 0 for any x € Ej.

We call a Borel standard process X on E a one-point extension of X° to E or a one-point
reflection of X© at a if X is m-symmetric and of no killings on {a}, and its subprocess obtained
by killing upon hitting {a} (called the part of X on Ep) is identical with X in law. It is proved
in [11, Theorem 7.5.4] that a one-point reflection X of X° at a is unique in law and the point
a is regular for itself with respect to X in this case. The existence of the one-point reflection
X of X© at a is also shown in [11, Theorem 7.5.6] for a Hunt process X° satisfying additional
conditions (A.2), (A.3) as well as (A.4) in non-diffusion case that are stated in Section 3 of the
present paper. Furthermore X becomes automatically a diffusion on E if so is X° on Ej.

The purpose of this paper is four-fold. First, we work with a general Borel right process X
on E and a point a € E which is X-regular for itself. We clarify the scaling relation between
local time at a and its corresponding entrance law (Theorem 2.1). We then give a characterization
of a local time being normalized in terms of its associated excursion law in the context of one-
dimensional reflecting diffusion on an interval [0, ry) (Theorem 3.1).

Second, we deal with in Section 4 an elastic one-point reflection X, namely, a one-point
extension of a symmetric Hunt process X° on Eq to E that allows killings at a. Such an
extension has been constructed in [13] in a more general setting by modifying the excursion
law in a way to allow a jump to the cemetery. In particular, we derive in Section 4 a
Dirichlet form characterization (Theorem 4.2) for the elastic one-point reflection, generalizing
the corresponding one for the one-point reflection first obtained in [10]. We also clarify in this
section that the law of the one-point reflection is not affected if the canonical entrance law in the
construction is replaced with its constant multiple.

The third goal is to identify in Section 5 Walsh’s Brownian motion X with the one-point re-
flection of a certain symmetric diffusion X° and determine its Dirichlet form. Walsh’s Brownian
motion, introduced in a descriptive way in [36], is a continuous Markov process on the plane
RR? that lives on rays {Rg, 0 < 6 < 27} emanating from the origin 0. It behaves like one-
dimensional Brownian motion along the ray away from the origin, and when it hits the origin
0, it “goes” in a random direction 6 according to a probability measure 7(d6) on [0, 277). There
have been several characterizations or constructions of it afterwards [34,2,35], and in particular
Barlow—Pitman—Yor [1] gave a rigorous construction of its semigroup.

Let X° be the Brownian motion on each ray Ry being killed upon hitting 0. X© is a diffusion on
RR?\ {0} that can be easily verified to be symmetric with respect to the product measure m = A x 1]
on (0, 0o0) x [0, 27r) where A is the Lebesgue measure on (0, co). Clearly X 0 satisfies conditions
(A.1), (A.2), (A.3). So there exists a unique one-point reflection X of X© at 0. We call X Walsh’s
Brownian motion. The semigroup {7}, t > 0} constructed in [1] is a Feller semigroup on C (R2)



1370 Z.-Q. Chen, M. Fukushima / Stochastic Processes and their Applications 125 (2015) 1368-1393

whose associated Hunt process ¥ on R? has X as its part on R?\ {0}. The m-symmetry of T; can
be also readily seen so that Y becomes a diffusion automatically and coincides with X in law.

Such a straightforward definition of Walsh’s Brownian motion along with its Dirichlet form
characterization given in Theorem 5.2 of this paper are not only more direct but also capture the
essence of its intuitive picture. The Dirichlet form characterization together with results from
[7,15] quickly gives the analytic characterization of harmonicity and subharmonicity for Walsh’s
Brownian motion, which recovers the main result of a recent paper [19] by Fitzsimmons and
Kuter.

Instead of taking a point a of E and putting Eg = E \ {a}, we may take any compact subset
K of E,put Eg = E \ K, and consider the topological space E; = Eo U {a*} obtained from E
by rendering the set K as a single point a*. The restriction of m to Ey is denoted by mq which is
extended to Ej by setting mo({a*}) = 0. For a given m-symmetric diffusion X on E, its part X 0
on Ey is known to be mo-symmetric. As will be formulated in Section 6 under certain conditions
on X and XY, there exists a unique one-point reflection X* of X° at a*. This procedure of getting
X* from X (or from X°) is called darning a hole K.

When E is a domain of the complex plain C and X is the absorbing Brownian motion on
E, the diffusion X* on (E \ K) U {a™} so obtained is called a Brownian motion with darning
(BMD). In Section 6, we consider a special case where K is a connected set containing at least
two points so that C \ K connected. The fourth goal of this paper is to show the conformal
invariance of BMD and to identify, in this special case, BMD with the excursion reflected
Brownian motion (ERBM) introduced by Lawler [30] and Drenning [16]. This is done by
combining a quite analogous consideration to Section 5 with the conformal invariance of BMD.
BMD has been formulated and characterized in a more general setting allowing many holes
in E rather than a single hole K together with its Dirichlet form characterization [8,12]. It
has played important roles in the study of Komatu—Loewner equations for multiply connected
planar domains [12,23]. In Section 6, we also consider a Walsh’s Brownian motion with darning
(WBMD) obtained from Walsh’s Brownian motion X on R? by rendering a star-like compact set
K ={(r,0):r <¥ (@), 6 €[0,2r)} into a single point. In contrast with a BMD, a WBMD is
highly reducible until approaching to the hole K.

We end this introduction by pointing out that we can consider other types of Markov processes
in the plane or higher dimensional spaces by adopting censored stable processes [5], for instance,
in place of the absorbing Brownian motions in Sections 5 and 6.

2. Normalized local time and canonical entrance law

Let X = (X, ¢, Py) be a Borel right process on a Lusin space E with lifetime ¢ and with
cadlag paths up to {. We fix a point a € E which is X-regular for itself, that is,

P.(0, =0) = 1. 2.1)

Here 0, = inf{s > 0 : X; = a}. To avoid triviality, we assume that P, (o, < 00) is not iden-
tically zero on Eg := E \ {a}. Denote by X° = (X9, ¢°, Pg) the part process of X killed upon
leaving E. The transition semigroup of X (resp. X°) is denoted by { P} (resp. {P,O}).

Since a is a regular point, there exists a positive continuous additive functional (PCAF) ¢; of
X supported by {a} in the sense that fot Iiay(X5)des = £; (cf. [4, Theorem V.3.13]). A PCAF
supported by {a} is called a local time of X at the point a. Clearly, if £ is a local time at a, then
so is C¢; for any positive constant C.
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Given a local time ¢, at a, its inverse 7, = inf{s > 0 : €5 > t} gives rise to an excursion
point process (p, P,) in the following manner [28,14]. Let {2 be the space of cadlag paths from
[0, 00) to E U A, where A is an isolated point added to E serving as a cemetery point. Define
the operators 6;, k; and i; on {2 by

Go)s) =@ +s). (ko)) = {w(s) s <t

Szt,’ lt:ka(,oet-

We introduce spaces of excursions around {a} by

lke, (@) : @ € 2, 04 > 0},

{W+ {weW:o,(w) <o}, W™ ={weW:o,(w) =00, >0} 22)

Then W = W U W~ U {9}, where 9 denotes the path identically taking value A. Define
Do) = {5 € (0,00) : T,_(0) < T5(w)}, ps(@) =i o fors € Dyw).

Note that {ps(®) : 5 € Dpw)} C W and {ps(@) : 5 € Dpw), § < loo} C WT. When T = £oo <
0o, then T7_ < o0 and 7 = oo. In this case, T € %) and pr(w) = 0, _(w) € W~ U {0}. Thus
T is the only time of the occurrence of a non-returning excursion. By [18, Proposition 2.10], T
is exponentially distributed with some parameter § € [0, co) under P,,.

It follows from [32, Sections 1-2] (see also the proof of [14, Lemma 3.1]) that, under proba-
bility measure P, p is an absorbed Poisson point process with absorbing time 7 in the sense of
Meyer [32].

Let n be the characteristic measure of (p, P,), which is a o-finite measure on the excursion
space W. Define

v(B)=n(w e W:w) e B,t <o,), BeAB(E).

Then {v,} is then an X%-entrance law in the sense that

v P? =gy, fors,t>0. (2.3)

The family of measures {v;} is called the entrance law associated with the local time ¢;. Note
that, if {v;} is an X?-entrance law, then so is {Cv;} for any constant C > 0.

By the X-entrance law {v,} associated with £, the above characteristic measure n is uniquely
determined by

/ Siw@) f2(w(t2)) - - - fu(w(zn))n(dw)

()
= v 1P n—n 2 tn 1—tya Sn=1Pry—, S 24

The o -finite measure n is sometimes called the excursion law associated with £.

Let m be an X-excessive measure, that is, m is o-finite and m P, < m for every t > 0. The
existence of m is a mild assumption; see [18, Theorem 4.5]. The Revuz measure v4 of a PCAF
A; of X relative to an X-excessive measure m is defined by

hm—E [/ J(Xs)dAs } =va(f). [ eBL(E).

0 t

By assumption (2.1), the set {a} is not semipolar so that the Dirac measure 8, concentrated on
{a} is smooth and admits a unique PCAF ¢; of X whose Revuz measure relative to an excessive
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measure m is 8, [17]:

t
lim B, [ / f(Xs)dL"s] — f@). feBE). 25)
110 0

The PCAF ¢, is called the normalized local time of X at a relative to m.

From now on, we assume that there exist a o -finite measure m on E and a Borel right process
X = (X,, g“ PX) on E such that X and X are in weak duality relative to m: for the transition
function {P[} of X

/Eﬁzf(X)g(x)m(dx)=/Ef(X)Ptg(x)m(dX)

foreveryt > O and f, g € BT (E). (2.6)
Clearly, m has to be X-excessive. Consider the hitting probability of a for X:
P(x) = Py(0, < ), x€E.

Let mq be the restriction of m to Eg = E \ {a}. Then @ - my is purely X°-excessive in the
sense that lim,Too(?p\ mg) - on = 0. By a theorem of P. Fitzsimmons [26], there exists a unique
XO-entrance law {;;} such that

o
@ -mo 2/ Hedt; 2.7
0
in other words,

wi(dx)dt = Py (o, € dtymo(dx). 2.8)

We call {u,} the canonical entrance law of X0 at the point a relative to my.
If

P.(0, < oo and X,,_ = a) =P, (0, < 00) forx € Ey, (2.9)

then @(x) = /I;g (5(\%)_ =a, /;‘\0 < 00) and consequently

i (dx)dt = P20 e dt, )?90_ = a)mo(dx). (2.10)

Thus under assumption (2.9), the canonical entrance law {u;} of X 0 at a is determined by the
dual minimal process X". X©

Theorem 2.1. Let ¢ be the normalized local time of X at a relative to m and {uu;} be the
canonical entrance law of X° at a relative to mo. Then

(i) {u:} is the entrance law associated with ‘. )
(ii) For any constant C > 0, {C~',} is the entrance law associated with C¥.

Proof. When X is an m-symmetric diffusion, (i) of Theorem 2.1 was first proved in [25, Theorem
3.1, Remark 4.2]. In [25], the local time was always assumed to be a normalized one but a similar
proof works to obtain also (ii) (by taking C L (mo, v)~Vin place of L(mg, ¥)~! on the third line
of page 452 of [25]).

In the present generality, (i) of Theorem 2.1 was first established in [14, Theorem 3.2] using
the notion of an exit system (Q*, £) due to Maisonneuve [31] defined as follows. Fix any local
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time £ of X at a. Let M (w) be the closure of the visiting time set {¢ € [0, 00) : X;(w) = a}. The
complement of M (w) in [0, 0o) is a disjoint union of open intervals called excursion intervals.
Denote by G (w) the collection of left end points of those intervals. Then, by [31], there exists a
o -finite measure Q* on W characterized by

E, |:Z Zs-I'o is:| = 0*(I) - E, |:/OO st&] , Xx€ekE, (2.11)
seG 0

for every non-negative predictable process Z; and every non-negative random variable " on W.
Define

v (B)=Q0%(weW:w) e B, t <o,), BeB(E.

{v;,t > 0} is then an X"-entrance law, which we call the entrance law induced by the exit
system (Q*, £). In [14, Proposition 2.1], the entrance law induced by the exit system (Q*, ) was
identified with the canonical entrance law {u;, 7 > 0} of X° at a relative to mg. As a consequence,
the entrance law induced by the exit system (é Q*, Cf) can be identified with {é,u,, t > 0} for
any positive constant C. On the other hand, the excursion law n associated with the local time £
can be identified with Q* characterized by (2.11):

0" =n. (2.12)

Identity (2.12) was established in [14, Theorem 3.2] in the case that £ = ¢ but exactly the same
proof works for any local time £. In particular, the entrance law associated with a local time £
coincides with the entrance law induced by the exit system (Q*, ¢) and so we get the desired
conclusion (i) and (ii). [

As a matter of fact, Theorem 2.1 holds for any Borel right process X on E and for any point
a € E that is X-regular for itself. Indeed, for each choice of an X-excessive measure m, }} is
known that m automatically admits an m-dual moderate Markov process as a substitute of X in
the above [17,18] so that the canonical entrance law {u;} of X° at a relative to my still makes
sense by the characterization (2.7). Fitzsimmons and Getoor have identified in [18, (3.23)] the
canonical entrance law with the entrance law induced by the exit system (Q*, é), and so (i) and
(i) of Theorem 2.1 follow from the identity (2.12).

From (2.11) and (2.12), we have the following characterization of the excursion law n
associated with a local time ¢ of X at a:

[o,0]
E, [Z Z,-To iy:| =n() - E, [/ stﬁs] , x€E, (2.13)
seG 0

for every non-negative predictable process Z; and every non-negative random variable I" on W.
This will be utilized in Section 3.

Example 2.2. Let X = (X;, P,) be one-dimensional reflecting Brownian motion on £ = [0, c0)
and X9 = (X?, ;O, Pg) be the absorbing Brownian motion on Ey = (0, 00). It is known that
a = 0is X-regular (i.e. Pp(09p = 0) = 1) and the Lebesgue measure m = dx (resp. mg = dx)
on [0, 0o) (resp. (0, 00)) is X (resp. X9)-excessive.

Let ¢, be the normalized local time of X at 0 relative to m and {1} be the canonical entrance
law of XY at 0 relative to my.
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Since Py (g € dt) = P§M (0, € dt) = W xe=** /gt we have from (2.8) or (2.10),

e (dx) = xe™ /2D 0 (dx). (2.14)

1
@ t3)1 /2
By virtue of Theorem 2.1, {11} is the entrance law of X at 0 associated with Q Consequently, by
Iheorem 2.1(i), {{; = 2u,} is the entrance law of X at O associated with ¢; := %Et. Note that
£, has been a standard choice of the local time of X at O by the following reason. The Dirichlet
form of X on Lz([O, o0); dx) is (%D, H! (0, 00)). For u(x) = x, which is in Hbl’loc(O, 00), and
forv e Ccl([O, 00)), we have v,y (dx) = dx and

1/00 » 1/00 y Lo I,
— uvdx = — vdx = —=v =—(=680,0).
2 Jo 2 Jo 2 2%

Thus Fukushima’s decomposition [24, Theorem 5.5.5] yields the well-known Lévy—Skorohod
decomposition of the RBM X [29, Section 4]:

X, — Xo= B, + 10, (2.15)

where B; is Brownian motion on R with By = 0. The measures ji; = 2u; has been adopted as a
gandard choice of the entrance law of the RBM on [0, c0) in [20,27,33,37]. The standard ones
£, ; can be also considered as normalized and canonical ones relative to 2m, respectively.

R [28,3] adopted a different normalization of the local time: the Blumenthal-Getoor local time
¢, at a characterized as in [4, pp. 217] by

o0 o~
E, [/ e"d@,:| =E, [e"7].
0

In the above example, let Cép, C > 0, be the Revuz measure of E relative to m. Denote by
R, (x, y) the resolvent density of the RBM X on [0, 0c0). By [24, (5.1.14)], we have for u;(x) =
E;[e™]

u1(y) = CRi(0,y) = CRi(y,0) = Cui(»)R1(0,0) = V2Cuy(y), y > 0.
Hence C = %ﬁ and E = «/Lié" The entrance law associated with  is therefore (V2 ).

3. Normalized excursion laws for reflecting diffusions

Let s and m be a canonical scale and a canonical measure on (0, ro), where ro € (0, oo]; s is a
strictly increasing continuous function with s(0+) = 0 and m is a positive Radon measure of full
support. We assume that the left boundary 0 is regular, while the right boundary r( is non-regular
with respect to (s, m). We extend the measure m to [0, 7o) by setting m ({0}) = 0.

Define

, " dud
E‘S(M,v):/ qauay ds
o dsds

F* = {u : absolutely continuous in ds on (0, rg) with £ (u, u) < oco}.

(&5, F* N L3([0, ro); m)) is a regular symmetric strongly local irreducible Dirichlet form on
L2([0, ro), m). Since rg is assumed to be non-regular, its extended Dirichlet space is given by

{u eF rul(ro—)=0ifs(ry) < oo}, 3.1
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in view of [11, Theorem 2.2.11]. Let X = (X;, ¢, P,) be the associated m-symmetric diffusion
process on [0, ro) and X 0 = (x9, {0, Pg) be the subprocess of X killed upon hitting the point
0. X is then the minimal diffusion for (s, m) and X is the reflecting extension of X at 0 (see
[11, Example 3.5.7, Section 7.3 (3)]). The point 0 is X-regular for itself.

Take any local time £ of X at 0 and let n be the excursion law associated with £. By the strong
Markov property of n, we have for0 < x <y < rp,

n(oy < 00) =Nn(0y < 00,0y 00, <00)=n (Pg)(o (oy < 00);0y < oo)
ox

=PY(0, < 0o)n(oy < o0) = proes n(o, < 00).
So ¢ = s(x)n(oy < 00) does not depend on x € (0, rp) and n(oy < 00) = ﬁ, x € (0, rg).

In his study of general boundary conditions for linear diffusions using excursion theory, K.
Yano [38, (2.34)] adopts a special normalization n(o, < 00) = S(Lx), 0 < x < rg, for the
excursion law n of X, which will now be shown to characterize the normalization of the local
time of X at 0 given in the preceding section.

s(x)
(y

Theorem 3.1. The local time € at O of X is the normalized one relative to m if and only if the
excursion law n associated with € satisfies

n(o, < o00) = L forany x € (0, rp). 3.2)

s(x)

Proof. We first note that
Po(or <o00) =1 foranyx € (0, rp). 3.3)

This can be seen by looking at the transformed process ¥ = s(X) of X by the scale function s.
Let I = [0, b) with b = 5(r¢) and

D(u,v) = /u/v’dx, BL(/) = {u : absolutely continuous on I, D(u, u) < oo}.
I

Define Y = (Y, ¢, {PY}rer) by ¥; = s(X;), PY = Pi(,. By virtue of [21, Lemma 4.3]
and by taking (3.1) into account, one concludes that ¥ is symmetric with respect to the measure
m = 2m o s~ ! on I, and its Dirichlet form (¥, F¥) on L?(I; i) together with its extended
Dirichlet space F. admits the expression

1 ~
e = 5D F'=F nL*U;m),

FY ={u € BL() : u(b—) = 0 whenever b < oo}

This implies that ¥ can be obtained from the reflecting Brownian motion Z on [0, co) by killing
Z upon hitting the point » whenever b < oo followed by a time change using a strictly increasing
PCAF in the strict sense with Revuz measure 7. Therefore we have for axy =inf{r >0:Y, = x}

Po(o) <o00) =P} (0} <o00)=1 foranyx € (0,b),

which yields (3.3).
In view of [22, Lemma 4.1], for every ¢ > 0, the resolvent kernel R, of X admits the
reproducing kernel g, (x, y) of (F* N L2([0, ro); m), £S) as its density relative to m that satisfies
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sup{ga(x,y) : x € J, y € [0,r9)} < oo for any compact interval J C [0, rg). Hence we can
apply the strict decomposition theorem [24, Theorem 5.5.5] to the function s € F | .. The energy
measure d i) equals 2ds on [0, rg). For v € Ccl,(l), vos e Fand E5(s,vos) =D(x,v) =
—v(0) = —v(s(0)). Since such function v o s is 8{' -dense in F*, we have the decomposition

s(X;) —s(Xo) = M; + ét, t €[0,¢), Py-ae. for any x € [0, rp), (3.4)

where M is a local MAF of X and ¢ is a normalized local time of X at O relative to m. Let
{T,,; n > 1} be a sequence of stopping times so that 7, — oo and {M;7,; t > 0} is a martingale
under Py for every n > 1. Then we have by (3.4), Eo[s(Xs, rtn7,)] = EO[éaXAt/\Tn]- Because
of (3.3), it follows from the bounded convergence theorem and monotone convergence theorem
that

s(0) = Eols(Xo)] = lim_lim Eols(Xo,nin7,)] = lim_lim Eollo,nint,] = Eollo,].

On the other hand, by (2.13) and (3.3), we have for the excursion law n associated with l,

1 =Po(ox < 00) =Ep |:Z 1{s<0,\-}1{0,¥005<00065}:| = EO[éax] ‘n(oy < 00). (3.5)
seG

We thus have (3.2). Conversely, if £ is any local time at 0 of X with its associated excursion law

n, then the same calculation as t'hat in (3.5) yields Eg[£{,, ] - n(ox < oo) = 1. Since both £ and ¢

are local times of X at 0, £ = ¢ for some constant ¢ > 0. This implies that

1 = cEg[ly,]-n(ox < 00) = cs(x) -n(0y < 00).

Hence (3.2) holds if and only if ¢ = 1, namely £ = (. O
4. Elastic one-point reflection

In this section, we first review a construction in [14] of a one-point extension X possibly with
a killing at the boundary point a of a general symmetric Markov process X° using the canonical
entrance law of X at a. The process X can also be called an elastic one-point reflection of X°
at a. We then study basic properties of the constructed X.

Let E be a locally compact separable metric space and m a positive Radon measure with full
supporton E. Let Exo = E U A be the one point compactification of E. When E is compact, A
is added as an isolated point. We fix a non-isolated point a € E with m({a}) = 0. We consider
an m-symmetric Hunt process X° = (X?, 9, Pg) on Eg = E \ {a} satisfying the following three
conditions. The quantities related to X© are designated by having the superscript 0. The resolvent
of X¥ is denoted by G.

(A1) p(x) = P20 < oo, X?L =a) > 0 forany x € E.
(A2) Pg(X?O_ € {a, A}) =1 for any x € E, regardless the length of 0.

(A.3) There exists a neighborhood of a such that inf,cy G?(p(x) > 0 for any compact set
VcU\{a}.

When X is not a diffusion, we assume an additional condition (A.4) on the jumping measure J,
of XY that is given by Jo(dx,dy) = N(x,dy)up(dx) in terms of the Lévy system (N, H) of
XO (cf. [11]):
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(A.4) Either E \ U is compact for any neighborhood U of a in E, or for any neighborhood U
of a in E, there exists an open neighborhood U; of a in E with U, C Uj such that
Jo(Ux \ {a}, Eg \ Uy) < 0.

Let {u;} be the canonical entrance law of X° at a relative to m:

o0
/ uidt = @ - m. “4.1)
0

Introduce the excursion space by
W = {w: cadlag function from (0, {(w)) to Ey
for some ¢ (w) € (0, 0], w(0+) =a, w((w)-) € {a, A}
Wt={weW:t(w) < oo, wi(w)—)=a}, W =W\ W,

and define a measure n on W by
fW Siw(@) f2(w(t2)) - - - fu(w(tn))n(dw)

0 0 0
= [1Py_y f2r Py a1 Py S 4.2)

For functions u, v on Ep, denote the integral onu(x)v(x)m(dx) by (u,v). The energy

functional L°(¢, v) of the X°-excessive measure ¢ - m and an X -excessive function v is defined
by

L%, v) = lim ~ (o — P, v)
’ 110 t A
By [14, Lemma 5.5], we then have

L%, 1 —¢) =n(W") < co. 4.3)

The equality in the above follows from (4.1) and n(¢ > ¢; W) = (u,, 1 —¢), while the finiteness
is due to our assumptions (A.3), (A.4) on X 0,

We add to W a path 9 identically equal to A and extend n to W U {9} by setting n({d}) = «
for a fixed value x > 0 indicating a killing rate at a. We then consider a Poisson point process
p defined on a certain probability space ({2, P) taking values in W U {9} with the characteristic
measure n. Let p* and p~ be the range restrictions of p to W and W~ U {9}, respectively.

We define a subordinator J by

J(s)=>_¢(pj) fors >0, and J(0) =0.

r<s

Let T be the first time of occurrence of the point process {p;, s > 0}. Then J and T are inde-
pendent and T is exponentially distributed with rate n(W ™) + «.

By piecing together the returning excursions p;~ at each jumping time of J until the time T
and then joining the path p;;, we can obtain an E-valued continuous process (X{, ¢, P) with
X5 =aand X, € {a, A}. Define

lw
Gof(a) =E U e_"”f(X,“)dt:| . a>0, feBE).
0



1378 Z.-Q. Chen, M. Fukushima / Stochastic Processes and their Applications 125 (2015) 1368-1393

According to this way of constructing X, we have

n(fy)
afooo e~n(t < ¢ <00, w(iC—)=a)dt +n(W-)+«’

Gofla) = 4.4

where f, = fog(w) e~ f(w(t))dt, w € W. See Sections 5.1 and 5.2 of [14] for more details.

Theorem 4.1. (i) By patching X° and (X¢, P) together, we have an m-symmetric right process
X = (X;, ¢, Py) on E possessing the resolvent

_ (g, f)
Gafla) = (g, @) + L0, 1 — ) +«’ 4.5)
Gaf(x) =GO f(x) +uq(x)Go f(a), x € Ep.

(ii) The part process of X on E° equals X°. The singleton {a} is regular for itself relative to X.
The process X admits no sojourn at a nor jump from Eg to a.
(iii) The sample path {X;,0 <t < ¢} is cadlag on [0, ), continuous when X, = a and satisfies

X;_ e€fa, A} whent < oo.

@iv) If X is a diffusion on Ey, then X is a diffusion on E.

(v) For constants C > 0 and & > 0, let XC be the symmetric right process on E obtained as
above like X but with the canonical entrance law {j1;} and k being replaced by {C ™" ju;} and
K, respectively. Then, the statements (1)—(iv) hold for X C¥ but with k in (4.5) being replaced
by CK. In particular, X CX has the same distribution as X ifand only if K = C™ k.

Proof. (i)—(iv) are taken from Theorem 5.15 in [14, Section 5], which was formulated under a
more general setting that X° is a Borel standard process on E possessing an m-weakly dual
Borel standard process X% on E.

(v) If the canonical entrance law {1} is replaced by {C~!1,}, then the characteristic measure
n specified by (4.2) is changed into C~!n and so (v) follows from (4.4). O

A right process X = (X, ¢, Pyx) on E is called a one-point extension or one-point reflection
of X0 if its part on Eg equals X°, X is m-symmetric and X admits no killing at {a}. By virtue
of [11, Theorem 7.5.4], a one-point reflection X of X 0is unique in law. Theorem 4.1 withk = 0
provides us with a construction of a one-point reflection X of X°. Theorem 4.1(iv) in particular
implies that the one-point reflection of X° becomes automatically a diffusion process on E.

We next study the Dirichlet form and the L?-infinitesimal generator of the symmetric right
process X on E constructed in Theorem 4.1(i) from X°. We recall some concepts introduced
in [11] in relation to the process X°.

Let (£°, F9) be the Dirichlet form of X° on LZ(Eg, m) and ((FO)'f, £07f) be its reflected
Dirichlet space; see [11] for related definitions. Define the active reflected Dirichlet space (]-'O)Zef
to be (FO)f N L2(Eg; m).

We then consider an operator £ on L%(Ey, m) specified by

fePL) withlLf =ge L*(Eym)
if and only if
f e (FOe with E97(f,v) = —(g,v), v e F.
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Denote by u, the a-order approach probability of X° to a:
Ug(x) = Eg [670‘50; X?O_ = a] )
The flux A (f)(a) of f € 2(L) at a is then defined by

N (@) = EVN(f, ug) + (LF, ug),

which is independent of o > 0.
We say that an X°-q.e. finely continuous function f on Eo has an X°-fine limit value ¢ € R
ata if

P’ <1in% fxXD =c|¢ <o, X?O_ = a) =1 forqe.x € Ej. (4.6)
s

Theorem 4.2. Let X be the m-symmetric right process on E constructed in Theorem 4.1 from
x0.

(i) Let (£, F) be the Dirichlet form of X on L*(E; m) and (F., £) be its extended Dirichlet
space. Then F is the linear subspace of (F° )Iff spanned by F° and ug, and F, is the linear
subspace of (FO)! spanned by f{e) and ¢. Moreover, for f = fo+co, foe F2, c € R,

e

ECf ) = EXIL ) + . @7
Denote by k the killing measure on E in the Beurling—Deny decomposition of . Then
k({a}) = k. (4.8)

(ii) Suppose the active reflected Dirichlet space (]:O)Zef of XV satisfies the following condition:

£ . ..
If f e (FO* admits an X°-fine limit value 0 at a, then f € FP. 4.9)

Let of be the L*-infinitesimal generator of X. Then f € 2(<7) ifand only if f € 2(L), f
admits an X°-fine limit value f(a) at a and satisfies the boundary condition

N (fHa)+« fla)=0. (4.10)
In this case, o/ f = L f.

Proof. (i) Since X is an m-symmetric Borel right process, (£, F) is quasi-regular Dirichlet form
on L?(E; m) and the transfer method as in the proof of [11, Theorem 7.5.4] applies. As the single
point set {a} is not m-polar, we have

F={fotcug:foeF’ ceR}, Fo={fot+co: foeF, ceR}.
On the other hand, we can verify as in [25, (2.19)] that
(Ua, f)

a(ug, 9) +E(p, )

In fact, we have for w = G f, g € F the equation £(w, g) + a(w, g§) = (f, g).
By Lemma 2.1.15 of [11], we can find a uniformly bounded sequence g, € F such that

Gofla) =

for f € C.(E). @.11)

lim g,(x) = p(x) m-ae., lim £(gn, — ¢, 8n — @) =0.
n— 00 n—0o00
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Substituting g, in the above equation and letting n — oo, we get

Ew, ) +a(w, ) =(f ). (4.12)

Asw =Gy f € F C F,, thereis some ug € .7-'(? so that w = ug+ce withc = w(a) = G, f (a).
By the strong Markov property, we also have w = Gg f + cuy. Putting the above expressions
for w in the first and second terms on the left hand side of (4.12), we get

cE(p, @) + calug, 9) = (f, ¢) — a(GLf, ).

As the right hand side equals (f, u,), we have (4.11).
A comparison of (4.11) with (4.5) yields

Elp, ) = L%, 1 —¢) +x. (4.13)

In order to deduce (4.7) and (4.8) from (4.13), we use again the transfer method: without loss
of generality, we can assume that (£, F) is a regular Dirichlet form on L%(E; m) associated with
a Hunt process X on E.

We first note that the local part ufw) of the associated energy measure of ¢ € F, does not
charge on the one-point set {a}:

iy ah =0. (4.14)

To see this, take a function g € F N C.(E) with g = 1 in a neighborhood of a and put g(x) =
¢(x)g(x),x € E. Then ¢ € F; and /L?(m({a}) = u‘{@({a}) = 0in view of [11, Theorem 4.3.10].
Owing to the energy image density property formulated in [11, Theorem 4.3.8], ;Lf@ @) =
0, which implies (4.14) because {a} C 5‘1(1).

In view of Theorem 4.1 (ii), X admits no jump from Eg to a so that Theorem 7.1.6 of [11]

applies. By combining this theorem with (4.14), we can conclude that F, c (F°)™ and, for
feFe f=fotco, foeF), ceR,

E(f, ) =EI(f, pr+ctkda),  EOU(L ) =Efo, fo) + 2V ad),  (415)

where V ({a}) is the supplementary Feller measure at the point a as the boundary of Eq. Accord-
ing to the definition [11, (5.5.7)] of V, we have V ({a}) = Lo(q), 1 — ¢). Therefore we are led to
(4.7) and (4.8) from (4.13) and (4.15).

(ii) This follows from [11, Theorem 7.3.5] on account of (i) and (4.14). [

When « > 0, the process X constructed in Theorem 4.1 can be obtained from the one-point
reflection of X° by killing it with rate « at a by virtue of (4.8) and [11, Theorem 5.1.2]. Thus
when k > 0, we can call X the elastic reflection of X at a.

When X© is the absorbing Brownian motion on (0, o), then A4 (f)(0) = —% f(0). If we
employ the standard choice i, = 2y, of the entrance law in the construction of X, then « in the
expression (4.5) of the resolvent of X is changed into %/c by Theorem 4.1(v) so that its boundary
condition (4.10) is reduced to f/(0) = «f (0), the elastic boundary condition with killing rate «.
For k = 0, the constructed process X ’N is the RBM on [0, c0).

Let X" be the RBM on [0, 00), {; = %é, be its standard local time at O and 7 be an
independent exponential holding time with rate «. In [29] the diffusion X on [0, co) with the
stated elastic boundary condition was constructed by killing X" upon the first time that ¢,
exceeds T, in other words, at time J(T —) for the inverse J of £. Since the entrance law of
the characteristic measure n for J equals {ii;}, this procedure matches what we have done above
in constructing X from X° by starting with {/i,} instead of £.
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5. Walsh’s Brownian motion as a one-point reflection

Consider the case where E = R?, a = 0 the origin and Eg = R?\{0}. The punctured plane E¢
can be represented in terms of the polar coordinate: Eg = {x = (r,0) : r € (0, 00), 6 € [0, 27)}.
Let A(dr) = dr be the Lebesgue measure on (0, co) and » be an arbitrary probability measure on
[0, 27). We equip Eg = (0, 0o) x [0, 27) with the product measure m = A x n. For simplicity,
we assume that S = Supp[n] = [0, 27). (Otherwise it suffices to set Eg = (0, o0) x S.)

Let X0 = (X9, ;O, P?C) be the diffusion process on Ej that behaves, when started from
x = (r,0) € Eyp, as the one-dimensional absorbing Brownian motion on the ray Ry connecting
(r, 0) with the origin 0. Denote by { p?} the transition semigroup of the absorbing Brownian
motion on (0, co) that is symmetric with respect to A(dr) = dr. For a function f on Ey, write
fo(r) = f(r,0), r > 0, 6 € [0,2m). Then the transition semigroup {P,O} of X0 satisfies
(PYf)(r,8) = (p? fo)(r) and we have by Fubini’s theorem that for every f € B (Ep)

2w 00
fE )P g(x)m(dx) :/o n(dG)fo fo(r)(pPge)(r)dr
0

2 oo
=/0 n(dé’)/o (p?fe)(r)ge(r)dr=/E P f (x)g(x)m(dx).
0

Thus X is m-symmetric. Clearly X0 satisfies conditions (A.1)—(A.3). We extend m on Ey =
R? \ {0} to E = R? by setting m(0) = 0. Therefore there exists a unique one-point reflection
X = (X,, ¢, Py) of X% at 0. On account of (2.10) and (2.14), the X°-canonical entrance law {1}
to produce X from X is given by

1
(27”3)1/2r

By virtue of Theorem 4.1(v) with k = k¥ = 0, we can take any positive constant multiple of 1,
as an entrance law.

We call X Walsh’s Brownian motion (WBM in abbreviation). The entrance law (5.1) and the
construction of X from X given in Section 4 (with k = 0) fit well the intuitive description
of the motion that Walsh gave in [36, Epilogue], which says it moves like a one-dimensional
Brownian motion along the ray but, upon hitting the origin, it reflects in a random direction 6
with a given distribution 1 on [0, 2). Describing the motion in terms of Itd’s excursion theory,
he argued, would give the reader a feeling of watching a butterfly being assassinated with an
elephant gun. Now the notion of the one-point reflection provides us with a neat apparatus to
capture the butterfly alive.

Walsh’s Brownian motion has previously been rigorously constructed or characterized by
several authors using different approaches [34,2,35]. In particular Barlow—Pitman—Yor [1] gave
a rigorous construction of its semigroup. Let {p}} be the semigroup of the reflecting Brownian
motion on [0, co) that is symmetric with respect to A(dr) = dr. Define for f € Cx (R?)

Pif(0) =plfO),  Pf(r,0)=p,fr)+p’(fo — ),
_ 1 27 5.2)
foy=o— | f@r0)d0.

T Jo

11 (dx) = g n(de). (5.1)

It was then shown in [1] that { P;} is a Feller semigroup on Coo (R?) and that the associated Hunt
process ¥ on R? admits X" as its part on Eg, namely, X is obtained from ¥ by killing upon
hitting 0.
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In the same way as we have verified for PZO in the above, we can use Fubini’s theorem again to
check that the semigroup P; defined by (5.2) is symmetric with respect to m = A x n. Therefore
Y is a one-point reflection of X° at 0 so that it automatically becomes a diffusion on R? and
coincides in law with our X.

Let (£, F°) be the Dirichlet form of X° on L2(R? \ {0}, m). Using { P}, we immediately
obtain

1 2
CX(R?\ {0}) c F°, Eo(f,g)=§ /0 D(fs, g9)n(d0), (5.3)

where D(f, g) = [;° f'g/dx.
We introduce the following spaces of functions on the interval (0, 00):

BL((0, 00)) = {f : absolutely continuous on (0, c0), D(f, f) < oo},
Hy,((0,00)) = {f € BL((0, 00)) : f(0+) = 0},

H'((0, 00)) = BL((0, 00)) N L*((0, 0)),

Hy ((0, 00)) = Hy, (0, 00)) N L*((0, 00)).

Notice that, in view of [11, p 352], the Dirichlet space (resp. the extended Dirichlet space) of
X0 g, foreach 6 € [0, 277) is given by Hy ((0, 00)) (resp. Hy,((0, 00))) which is a Hilbert space

with inner product %Dz (resp. %D). Here D, (f,g) =D(f, g) +« fooo fedx, a > 0.

The Dirichlet form (£°, F°) is transient as it is associated with the transient semigroup {Pto}
of X°. Denote by (F?, £9) its extended Dirichlet space. Define the space (G, a) by

2
g= {f tfo € Hole((O, 00)), for n-a.e. 0, /0 D(fy, fo)n(df) < ooy . 5.4

1 2
atf.9) =3 /0 D(f. g0)1(d8), f.g €G. (5.5)

We denote by G the 0-order resolvent of X%: G° f(x) = fooo P,0 f(x)dt for any bounded
Borel function f on R2 \ {0}.

The next theorem gives explicit description the Dirichlet space FO, extended Dirichlet space
FV and reflected Dirichlet space Ff of X0.

Theorem 5.1. (i) It holds that
(F2,8% = (G, a). (5.6)
Moreover, C° (R2\ {0}) is EO-dense in f?

(ii) It holds that
21
FO= {f tfo € Hol((O, 00)) for n-a.e. 6, /0 Di(fo, fo)n(df) < ooy . (CN))

1 27
9 =1 /O Dao(fo. go)n(d0) for f.g € FO. a > 0. (5.8)

Moreover, CZ° (R2\ {0}) is 5?-dense in FO.
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(iii) Ler ((FO)ret, £9ely pe the reflected Dirichlet space of (£°, FO) and (_7_—0)Zef = (FOref n
L>(R?\ {0}) be its active reflected Dirichlet space. Then

2

(FOyref — {f : fo € BL((0, 00)) for n-a.e. 0, /0 D(fo, fo)n(do) < 00} - (59
2w

(FORT = {f : fo € H'((0, 00)) for n-a.e. 0, /0 Di(fo, fo)n(do) < oo} -(5.10)

1 2
rifg) =3 [ DU amas) for £z O (5.11)

Proof. When the support of the measure 1 is a finite set, this theorem has been proved in
[10, Section 7.6(3)]. But here 7 is a general probability measure on [0, 27).
(i) We first establish (5.6). By virtue of [11, Theorem 2.1.14], it suffices to prove that

(a) G is areal Hilbert space with inner product a.
(b) Forany f € Cc(R?\ {0}),

G'feG and a(G'f v) = / fvdm foranyv € G. (5.12)
(R2\{0))

To prove (a), suppose {u,}, n > 1, is an a-Cauchy sequence in G. Taking a subsequence if
needed, we may and do assume that

a(Upiy — Uy, Upay — Uy) <277,

We then have
172

2w X 00 9 2
/ > ( / (—(un+1 —un)(r, 9)) dr) n(d9) < oo.
0 =i 0 or

This in particular implies that there is a set A C [0, 27) with n(A) = 0 so that, for every
0 €[0,2m)\ A, un(-,0) € Hole((O, 00)) for any n > 1 and

% [ oo/ 2\ 12

Z (/ (—(un+1 — uy)(r, 9)) dr) < 00.
— 0 ar

n=1
It follows that for each 8 € [0, 27) \ A, u, (r, 6) converges locally uniformly (this follows from
Cauchy—Schwarz inequality) on [0, co) and in D-norm to some function vy € HO1 . ((0, 00)).
Moreover, by Fatou’s Lemma, we have

2T 2
/ D(vg, vg)n(df) < oo and lim D(uno — vg, ung — ve)n(do) =0,
0

n—oo 0

in other words, v(r, 8) = vg(r) € G and u, is a-convergent to v.
To show (b), we consider the reproducing kernel (g%r,s), 0 < r,s < oo} of the space
(Hg, ((0, 00)), 3D) (cf. [22]):

0 1 l 0 _
g (-, 5) € Hy,((0,00)) and 2D(g (-, 5),v) = v(s)

for 5 € (0, 00), v € H,((0, 00)).
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g(r, s) is positive and continuous on (0, o) x (0, 00). For any f € C.(R2\ {0}), (G fg(r) =
157 8°(r, ) fo(s)ds so that (G° £)¢(0+) = 0 and

1 o0 o0
5D<(G°f)e,<G°f)e>= /0 fo g2(s, ") fa(s) fo(s")dsds’.

Hence G f € G and a(G° £, GO f) = Jr2vo) F ) (GO f)(x)m(dx). The equation in (5.12) can
be obtained in the same way.

Next suppose u € G satisfies a(u, v) = 0 for any v € Cé’o(R2 \ {0}). Taking v(r,0) =
@ (r)Y(0) with ¢ € C2°(0, 0o) and Y € C°°(S), where S is the unit circle, we have

2
/0 D(ug, $)¥(6)1(d8) = .

Since this holds for any ¢ € C*°(S), there exists A C S with n(A) = 0 such that, for every
0 € S\ A,ug € ng((O, 00)) and D(up, ¢) = 0 for a countable family of ¢ € C2°(0, o0)
uniformly dense in C2°(0, 00). It follows that uy = 0, 6 € S\ A and hence u = 0 m-a.e. This
proves that C2° (R?\ {0}) is a-dense in G.

(i) (5.7) and (5.8) follow from (i) as FO = F0 N L2(R? \ {0}, m) and E2(u, v) = E%(u, v)
+ o fRZ\ 0 uvdm. The last statement can be shown as the proof of the corresponding one in (i)
by using (5.8) in place of (5.5).

(iii) Follows immediately from (ii), [11, Theorem 6.2.5], and the fact that (&9, 7YY is a local
Dirichlet form. [

Define the approaching probability to 0 by X° and its a-order version by

o) =PI’ <00, X] =0
g (x) = EO [e—a;o; X, o= 0], x eR2\ {0}, a > 0.

Let (£, F) be the Dirichlet form of the Walsh’s Brownian motion X on L2(RZ; m) and (F,, &)
be its extended Dirichlet space. By virtue of Theorem 4.2 with « = 0, F, (resp. F) is the

linear subspace of FOrf (resp. .7-',9 ’ref) spanned by ]_-eo and ¢ (resp. F° and ug). Since ¢ equals
identically 1 on R? \ {0}, we can deduce from Theorem 5.1 the following theorem.

Theorem 5.2. It holds that
F, = [ f: forn-a.e. 6, fs € BL((0, 00)) and f3(0+) = c

o
for some c independent of 9, / D(fy, fo)n(do) < oo}, (5.13)
0

1 2
E(f,8) = 5/0 D(fo. 80)0(d0), f,g € Fe. (5.14)

F = {f : for n-a.e. 0, fo € H'((0,00)) and fy(0+) = ¢

oo
for some c independent of 0, / Di(fo, fo)n(do) < oo}, (5.15)
0

1 2
£l 8) = 5 fo Dsa(fi g)n(d6), f.g e F. (5.16)



Z.-Q. Chen, M. Fukushima / Stochastic Processes and their Applications 125 (2015) 1368-1393 1385

Moreover
F={f=fotcus: foeF° ceR}, (5.17)
and, (£, F) is a strongly local, irreducible recurrent and regular Dirichlet form on L*(R?; m).

Property (5.15) is a consequence of (5.13) and F = F. N L?(R?; m). The function uy (r, 0) =
uq(r) is independent of 6 and uy (r), r € (0, 00), is a decreasing function belonging to the space
H'((0, 0)) so that g € Coo(R?). Therefore the regularity of the Dirichlet form (£, F) follows
from (5.17) and Theorem 5.1(ii).

Remark 5.3. Let A be a non-empty Borel subset of [0, 27). Then I' = (0,00) x A C Ep is
XO-finely open, and m(I") = 0 if and only if n(A) = 0. Hence I" is m-polar with respect to X°
if and only if n(A) = 0 in view of [11, Theorem A.2.13]. Moreover, it is easy to see from the
description of X, a set I' C E( is m-polar if and only if there is a Borel set A C [0, 27r) with
n(A) = 0sothat I' C (0, 00) x A. Take any function f in the space (‘7-'0)2ef of (5.10). We can
then see from the above observation that f has an X-fine limit value ¢ € R at 0 in the sense of
(4.6) if and only if fy(0+4) = c for n-a.e. 8. In particular, the space (F O)ff satisfies the condition
(4.9) imposed in Theorem 4.2(ii) on account of the description (5.7) of the space FOo O

Let A be the L>-infinitesimal generator of X. Theorem 4.2(ii) therefore applies and we can
deduce from Theorem 5.1 the following characterization of A:

Theorem 5.4. f = f(r,0) € D(A) if and only if the following three conditions are satisfied:

(1) f belongs to the space F specified by (5.15).
(i) fy is absolutely continuous for n-a.e. 6 and f; € L*(R%; m),

(iii) lime o f5" f3(€)n(d6) = 0.
In this case, Af = % o

When the support of the measure 7 is a finite set, this theorem has been proved in
[11, Section 7.6 (3)]. A similar method of the proof works in interpreting the zero flux condition
(4.10) with k = 0 as the one stated in Theorem 5.4(iii).

With the Dirichlet form characterization, Theorem 5.2, of Walsh’s Brownian motion X in
hands, we can apply results from [7,15] to give an analytic characterization of harmonic and
subharmonic functions of X. The following definition is taken from [15, Definition 2.2], tailored
to Walsh’s Brownian motion.

Definition 5.5 (Sub/Super-Harmonicity). Let D be an open set in E. We say that a nearly
Borel function u defined on E is subharmonic (resp. superharmonic) in D if u is g.e. finely
continuous in D, and for any relatively compact open subset U with U C D and for q.e.
x € U,E [lul(X¢,)] < oo and u(x) < Ey[u(X,)] (resp. u(x) > Ey[u(Xy,)]). A nearly
Borel measurable function u on E is said to be harmonic in D in the weak sense if u is both
superharmonic and subharmonic in D.

Theorem 5.6. Let D be an open subset of E. Suppose that a nearly Borel u € Ly, (D; m). The
following are equivalent.

(1) u is subharmonic in D;
(i) u € (Fp)ioc and E(u, v) < 0 for every non-negative v € F N C.(D);
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(iii) For n-a.e. 8 € [0,2m),r — u(r, 0) is convex on each connected open interval of {r €
0,00) : (r,0) € D}, and, if 0 € D, ‘;—;‘(O—i—, 0) exists, and

2 ou
/ —(0+,0)n(dv) = 0. (5.18)
0 or

Proof. The equivalence of (i) and (ii) is a special case of a more general result established in
[15, Theorem 2.7], which extends [7, Theorem 2.11] from harmonic functions to subharmonic
functions. It remains to show that (ii) is equivalent to (iii).

Suppose (ii) holds. For every (rg, 6g) € D \ {0}, take v(r, 8) = ¢ (r)¥(0) with non-negative
¢ € C(0,00) and ¢ € C*(S) so that the support of v is contained in D \ {0}. Note that the
linear span of such functions is 5?-dense in ]-'g. Then

2
0> Ew,v) =/0 D(u(-, 6). §) (O)n(d6).

This implies that for n-a.e. 6 € [0, 27), % > 0 in the distributional sense on {r € (0, c0) :
(r,0) € D} and so r +— u(r,6) is convex there. Suppose now 0 € D. since for n-a.e.
0 € [0,2m),r — u(r,0) is convex on {r € (0,00) : (r,0) € D}, g—'r‘(O—i—, 0) as the decreasing
limit of g—‘r‘(s, 0) as ¢ — 0+ exists. For every ¢ > 0, let v (r, ) = ¢ (r), where ¢ € C°[0, ¢)
with ¢.(0) = 1, ¢.(r) < 1 and fooo ¢.(r)dr = —1. Clearly supp[v:] C D when ¢ is sufficiently
small. So by the monotone convergence theorem, we have

2 2w oo
/ a—u(O—i-, 0)n(dd) = — lim / a—u(r, 9)¢;(r)drn(d0)
0 or 0 0 0

e—>0+ r
= — lim &(u,ve) > 0.
e—>0+
This establishes (iii). By reversing the above argument, we conclude from Theorem 5.2 that (iii)
implies (i1)). O

Taking D = E in Theorem 5.6 recovers the main results (Theorems 3.1 and 4.1) of [19],
which are proved by using a different method.

6. One-point reflections with darning

Let (E, m) be asin Section 3 and X = (X;, ¢, Py) be an m-symmetric Hunt process on E with
continuous sample paths whose Dirichlet form (£, F) on L*(E;m) is regular and irreducible.
We assume that X admits no killing inside E. We further assume the following condition on the
transition function {P;, t > 0} of X:

Py (x, -) is absolutely continuous with respect to m for every t > O and x € E. 6.1)

Consider a compact subset K of E and put Eg = E \ K. We extend the topological space E
to Ej = Eo U {a*} by adding an extra point a* to E¢ whose topology is prescribed as follows:
a subset U of Ejj containing the point a* is an open neighborhood of a* if there is an open set
U C E containing K such that U; N Eg = U \ {a*}. In other words, ES is obtained from E by
identifying the points of K into a single point a*. The restriction of the measure m to Eq will be
denoted by mg, which is then extended to Ejj by setting mo({a*}) = 0.
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Let X0 = (X?, {0, Pg) be the part process of X on Ey, which is known to be an mg-symmetric
diffusion process on Ej. Denote by {Gg, o > 0} the resolvent of X0 In parallel to (A.1), (A.3)
in Section 3, we make the following two assumptions on X°:

(A°.1) oK (x) = Pg(;o < 00, X?O_ € K) > O for any x € Ej.

(A°.3) There exists a neighborhood U of K such that inf,cy G?(pK (x) > 0 for any compact set
VcU\K.

Since X© admits no killing inside Ej, it holds that

X (x) =Py(0x <o0) x € Ep. (6.2)

Theorem 6.1. Under the above assumptions on X and X°, there exists a unique one-point re-
Aection X* = (X}, ¢*,PX) on Ef = EgU{a*} of XY, Moreover, X* is a diffusion process on Ej.

Proof. As for the existence of X*, it suffices to verify that X 0 satisfies conditions (A.1)—(A.3)
in Section 3 but with a* in place of a. Then X* on E; can be constructed just as in Section 3
for k = 0 and it is a diffusion process on Ea‘. (A.1), (A.3) with a* in place of a follow from the
present assumptions (A°.1), (A°.3), respectively. Let us verify that X° also enjoys the property

(A°.2) Pg (X?(L € K U{A}) = 1 forevery x € Eg regardless the length of ¢°.

This property implies (A.2) with a* in place of a.

By the absolute continuity assumption (6.1), it is enough to show (A°.2) holding for g.e.
x € Ep. By the irreducibility assumption, X is either recurrent or transient. In the recurrent case,
P, (o < 00) = 1 for qe. x € E by (A°.1) and (6.2) and so PY(¢" < o0, X,0_ € K) =1
for g.e. x € Ey. In the transient case, we have P, (X, = A) = 1 for q.e. x € E on account of
[11, Theorem 3.5.2] and the assumption that X admits no killing inside E, and accordingly
(A°.2) holds for q.e. x € Eg. [

We call the procedure of obtaining X* from X as in Theorem 6.1 darning or collapsing or
shorting the hole K.

Remark 6.2. (i) As we saw in the above proof, without assuming the absolute continuity con-
dition (6.1) on X, property (A°.2) remains valid for q.e. x € Ej so that a one-point reflection
X* on E{'; of X0 can be constructed for g.e. starting points x € E¢. Theorem 7.5.9 of [11] is
formulated in this way.

(ii) As the function ¢ in (A°.1)is X O-purely excessive, there exists a unique X O_entrance law
{uX, t > 0} such that

o
(pK -mg :/ utK dt. (6.3)
0

We call {,u,K } the canonical entrance law of X° for the set K relative to mg. The construc-
tion of X* in Theorem 6.1 is carried out as in Section 3 using an excursion law n around a*
being defined by (4.2) with uX in place of ;.

(iii) The process X* in Theorem 6.1 enjoys the properties in Theorem 4.2 for k = 0 with
a due replacement of involved functions. In particular, the Dirichlet form (£, F) of X*
on L?(EX; mg) can be described as follows. Let (£°, F°) be the Dirichlet form of X° on
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L2(E0; mo). Then F, is the linear subspace of (]—'0 yref spanned by ]—"EO and <pK , F is the linear
subspace of (F)"f spanned by F° and uf x) = Eg [e‘“co; X?o, € K], x € Ep, and

Efe)=E""(f ), fgeF. (6.4)

Example 6.3 (Relation Between BMD and ERBM). We consider a domain E in the complex
plane C and the absorbing Brownian motion Z = (Z;, {,P;) on E. Let K be a continuum (a
compact set containing at least two points) contained in E. As is well-known, K is non-polar and
each point of K is regular for K with respect to Z. Let Z° = (Z?, 9, P(Z)) be the part process of
Z on Eg = E \ K. We then consider the topological space E; = Eg U {a*} obtained from E
by identifying the points of K into a single point a*. We denote by mg the Lebesgue measure on
Eo which is extended to E(’)k by setting mo({a*}) = 0. Clearly Z and A satisfy all assumptions
stated preceding to Theorem 6.1. Hence Theorem 6.1 applies in getting the one-point reflection
Z* = (ZF, ¢*, P of Z0 ata*.

We call Z* a Brownian motion with darning (BMD). For BMD, C \ K can be disconnected.
This is the case, for example, when K is the unit circle in C. In fact, in [7,11], K itself can even
be disconnected.

When C \ K is connected, a closely related diffusion on Ejj called an excursion reflected
Brownian motion (ERBM) has been introduced by G. Lawler in [30] in a descriptive way using
excursions of the reflected Brownian motion outside a disk and subsequently constructed as a
Feller process via its semigroup by S. Drenning [16]. We shall show that it is actually identical
with our BMD.

First consider a special case that E = C and K = D for a unit disk I centered at 0.
We put D = C \ D. In this special case, the transition semigroup of the ERBM is specified
by [16] in an analogous manner to Barlow—Pitman—Yor’s semigroup (5.2) of Walsh’s Brownian
motion as follows. We write z € D as z = (s, 0) = se'? and consider the Lebesgue measure
mo(dz) = sdsd® on D. Let P/ (resp. P/) be the transition semigroup of the absorbing (resp.
reflecting) Brownian motion on D (resp. D). Notice that the density function of P/ with respect
to mo is symmetric and rotation invariant: pt’(seie, s/eig/) = pi(s, s’e’w/—a)). The same is
true for the density function of P,O. Hence, if f(s,60) = f(s) is independent of 6, then so is
(P! f)(s,0), being expressed as floo q; (s, s) f(s))s'ds’ by a symmetric kernel ¢/ (s, s”). The
same is true for (Ptof)(s, 0).

As in [16], define

2

— — — 1
(P f)(s,0) = P[ f(s)+ PP(f — P)s,0), [ls)= 2 o f(s,0)do. (6.5)

Let D* = D U {0*} be the space obtained from C by rendering D into a single point 0* and
Coo(D*) = {f € Coo(D) : f(1+,0) is independent of 6 } .

For f € Coo(D*), we let £(0%) = f(14,0)(= f(14)). By the above observation, it is easy to
see that {P;, t > 0} defined by (6.5) is a Feller semigroup making the space Coo (D*) invariant.
Let Z* be the associated Hunt process on D*. Then, just as in [1, Lemma 2.3], we can verify that
the part of Z* on Eq equals Z° in law. Furthermore, the above observation combined with the
mo-symmetry of P,O and the Fubini theorem readily implies the symmetry of P;:

/ f Prgdmo = / P.f g dmo.
D D
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Therefore Z* is a one-point extension of Z° to D*, and by the uniqueness, Z* is automatically a
diffusion process on D* and it is nothing but the BMD.

When E is a domain of C and K (C E) is a compact continuum such that C \ K is connected,
the ERBM on Ej = (E \ K) U {a*} is defined in [30,16] as the image process of the above Z*
by a conformal map from C \ D onto C \ K with a due time change followed by a killing upon
leaving the set E. Hence the ERBM is identical with the BMD in this case too by virtue of the
conformal invariance of the BMD that will be presented in Theorem 6.4 in detail.

As is stated in the Introduction, the BMD has been formulated by allowing many holes in
a planar domain E rather than one hole K with a characterization based on a unique existence
theorem in [11, Section 7.7] that extends Theorem 6.1. The notion of ERBM for a multiply
connected planar domain has also been introduced by G. Lawler [30] and S. Drenning [16].
However, when the number of holes is equal to or greater than 2, no precise semigroup
characterization like (6.5) of ERBM seems to be available. [

We now give a precise statement on a conformal invariance of BMD. Let E (resp. E ) be an
unbounded domain of C and K (resp. K) a non-polar compact subset of E (resp. E). Suppose
¢ is a conformal map from Eg = E \ K onto Eo E\ K sending oo to co. Denote by
Ej = Eo U {a*} (resp. Ef = Eo U {a*}) be the topological space obtained from E (resp. E)
by rendering K (resp. K ) into a single point a* (resp. a a*). The conformal mapping ¢ is then
extended to be a homeomorphic map from Ej onto Ej. Denote by A¢ (resp. Ao) the Lebesgue
measure on Eq (resp. EO), which is extended to Ej (resp. E(’;) by setting Ag({a*}) = O (resp.

Ko@) = 0).

Theorem 6.4 (Conformal Invariance of BMD). Let Z* = (Zf, ¢*, P}) and 7% = (2*, E*, /I;’Zk)
be BMD on Ej and Ej, respectively. Set

m(dz) = |¢'(2)|*1g,(2)ro(dz) and

INC*
A,:/ ¢/ (Z5) 1, (Z)ds  fort > 0. (6.6)
0

Then {A;, t > 0} is a PCAF of Z* in the strict sense with full support E§ with m as its Revuz
measure relative to Ay. Let T, = inf{s > 0 : A; > t} fort > 0. Then for every w € Ef,

(te@p) 1= 014025 ,,)
has the same distribution as ({2*, t > 0}, E*, ’15;) 6.7)

Proof. (i) Since ¢'(z) # 0 on Ey, A defined by (6.6) is a PCAF of Z* (admitting exceptional
Ao-polar set) with full quasi-support Ej possessing m as Revuz measure. We first show that the
equivalence (6.7) holds for q.e. w € E *, namely, except for a Ao -polar set.

By a general theory (see, e.g., [11, Theorem 5.2.1]), the time-changed process ¥ = (Z7,
A+, PY) of Z* is an m-symmetric diffusion process on Ej \ N for some properly exceptional
set NV C Ey. Clearly, ¢(Y) is a well-defined continuous strong Markov process on ES‘ \ p(N).
By the change of variable formula

/ u($(2)m(dz) = /A u(w)ro(dw), 68)
Eo Eo

we see as in [10, Section 5.3 (2)] that ¢ (Y) is /)Io—symmetric.



1390 Z.-Q. Chen, M. Fukushima / Stochastic Processes and their Applications 125 (2015) 1368-1393

On the other hand, the part Z 0— (Z?, ;0, P(Z)) of Z* on Ej is the absorbing Brownian motion,
while the part of Y on Eg \ NV is the time change of Z0| EQ\N by its PCAF

4-0

0 TR e " 77082
A; =/0 ¢ (Z)|"ds =/0 l¢"(Z5)|"ds.

Consequently by the conformal invariance of the absorbing Brownian motion (see, e.g.,
[11, Section 5.3 (1)]), ¢(Y) is a/):o-symmetric extension of the absorbing Brownian motion in
Eo \ ¢(N). Thus by the uniqueness of BMD, (6.7) holds for w € Ej \ ¢ (N).

(i) Our next task is to show that A; defined by (6.6) is a PCAF of Z* in the strict sense. Then
(6.7) holds for every w € Ea‘ without exceptional set, completing the proof of Theorem 6.4.

Take a sufficiently large £ > O such that the set E;, = E N {z : |z] < £} contains K and put
EZO = (E¢\ K) U {a*}. Since the resolvent of Z* is absolutely continuous with respect to Ay by
(4.5) and the Dirichlet form of Z* on L?(E[; o) is regular in view of [12, Theorem 2.3], Z* is
a Hunt process so that

LV H ey *
PZ(Zl_l)n;O ey, = (=1, zek,. (6.9)

Let Z4* = (Zf’*, Pﬁ’*) be the part of Z* on Ej , that can be also regarded as the BMD on

Ej , obtained from the absorbing Brownian motion Z*% = (5, P40 on E; by rendering the
set K into a single point a*. Therefore, on account of [12, Lemma 5.1], the Green function (the
0-order resolvent density) G“* of Z%* admits an expression

G (2, 0) =G, 0) +2p 9()p(), z€Efy z€ Er\K, (6.10)

where G%? is the Green function of the absorbing Brownian motion on E; \ K, ¢(z) =
Pﬁ’*(aK < X), z € EZ"O, and p is the period of ¢ around K. In particular, Gb*(z, ) has
the same singularity as G%0(z, ¢) for z € E; \ K and G%*(a*, ¢) is bounded in ¢ € E; \ K.
Furthermore, by the assumption that ¢ sends oo to 0o, ¢ (E; \ K) is finite and m(E, \ K) =
20(¢(E¢ \ K)) < 0o by (6.8). Accordingly,

Tp*
E! U 0 |¢’(Zf)|2ds} = / GY*(z,0)md¢) < 0o forevery z € Efy.  (6.11)
0 E/\K ’
It follows from (6.9) and (6.11) that A; defined by (6.6) is a PCAF of Z* in the strict sense. [

Remark 6.5. (i) Theorem 6.4 for the case that E = C is given in [11, Theorem 7.6.3]. However
the proof that A, is a PCAF of Z* in the strict sense and so the time-change property holds for
every starting point rather than q.e. starting point (that is, step (ii) in the above proof) was missing
there. Theorem 6.4 extends with essentially the same proof to the BMD allowing finitely many
disjoint holes {Ki, ..., Ky} in E, as given in [11, Theorem 7.8.1, Remark 7.8.2] (modulo the
PCAF in the strict sense issue).

(i) We would like to take this opportunity to make a correction of a statement in [11, Sec-
tion 5.3 (2)] concerning a conformal invariance of the reflecting Brownian motion (RBM) as
follows:

Let ¢ be a conformal map from D onto a Jordan domain D C C, Z = (Z;, P;) be the RBM
onD, A, = fé |¢'(Zs)|?ds and 7, = inf{s : A; > t}. Then (@ (Zr), Py-10y)) is equivalent in
law to the RBM on D for every w € D \ N, where AV is a certain A-polar subset of 3 D. Here a
domain D C C is called Jordan if it is simply connected and its boundary d D is a Jordan curve.
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As the resolvent density G (z, z') of Z has a singularity on 9D, a proof like the second step
(i1) in the above does not work to get the equivalence for every w € 9D as is claimed after
(5.3.4) of [11]. However, the proof does carry over if ¢’(z) is bounded on D and D is of finite
area. Consequently, the equivalence holds for every w € D in this case. Moreover, we will show
below that if D is a locally non-trap domain in the sense of [6], then the conformal invariance
for RBM holds also for every w € D. N

A planar domain D of finite area is called a non-trap domain if sup,,. , Ey[op] < 0o, where
B C D is aclosed ball and op is the first hitting time of B by the RBM (Z;, P,,) on D. The
definition of non-trap domain is independent of the choice of the closed ball B in D. We refer the
reader to [6] for the complete characterization of planar non-trap domains (Theorem 2.2 there)
and various sufficient conditions for D to be non-trap. For example, by Propositions 1.2 and
1.3 as well as Corollaries 2.7 and 2.8 of [6], every locally uniform domain (also called (¢, §)-
domains) and every John domains that are of finite area are non-trap. In particular, the von Koch
snowflake domain is non-trap.

Since D is a Jordan domain, the conformal mapping ¢ extends to be a homeomorphism from
D onto D. So ¢(Z) gives arise a continuous strong Markov process on D that starts from every
point in D. For a possibly unbounded Jordan domain D, we fix zo € D and, for k > 1, let Dy be
the connected component of D N B(zp, k) that contains zg. We now show that if D is a Jordan
domain in C and if there is kg > 1 so that Dy is non-trap for every k > ko, then the PCAF
A = fot |¢'(Zs)|>ds is a PCAF of Z in the strict sense, yielding the desired equivalence for
every w € D.

Let B be a closed ball inside Dy, and F = ¢~!(B)(C D). Fork > k, let Uy := ¢~ ' Dy c D.
Clearly U=y, Uxr = D. For k > ko, since each Dy is non-trap domain of finite area, by the
conformal invariance of RBM with starting point away from the boundary, we have

sup E, [Agpmyk] = sup E, [0 Atp,] = Ciri < 0.
zeD\F weD\B

On the other hand, there is r € (0, 1) so that D, := B(0, r) contains F. Clearly,

co = sup Gi(z, w) < o0,
zeF,weD\D,

and since ¢'(z) is continuous on ID, ¢y := sup,p, |¢'(z)|? < oo. Thus

A

TU,{
supE, [ f e"dA,} < sup / G1(z. )¢ (&)IPAdZ)
zeF 0 zeF JUy

IA

C()/ 1" () PAdZ) + ci sup/ G1(z, 2H)Ad7)
Uk\Dr Dy

zeF
= Cz’k < Q.

So we have E, [fOTU" e_’dA,] <Cix+ Cox <ooforanyz e D and k > ko. This proves that
Ay is a PCAF of Z in the strict sense. [

Example 6.6 (Walsh’s Brownian Motion with Darning). We get back to the setting of Section 5.
Recall that X© = (X ?, 9, Pg) is the diffusion process on the punctured plane E( that behaves
like a one-dimensional absorbing Brownian motion on the ray Ry that connects the starting
position x = (r,0) with the origin 0. The diffusion process is symmetric with respect to
m=AXxmnonEy=(0,00) x [0, 27).
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Let ¥ (6),0 < 6 < 2m, be an upper semi-continuous function on the circle that is bounded
between two positive constants, and K = {(r,0) : 0 <r < (0), 0 € [0,27)} U {0}, which is a
compact set havmgVO as its interior point.

Let X0 = (X o, PO) be the part process of X° on Ey = R? \ K. Then X0 is still symmetric
with respect to the restriction_ mofm = A xnto Eo and its Dirichlet form on LZ(EO, m) is
regular [11, Theorem 3.3.9]. X? is not irreducible and its transition function does not satisfy the
absolute continuity with respect to 712. Nevertheless X satisfies

ﬁx()?fgof €K, "<00) =P, (" <00)=1, xcekEp, (6.12)

namely, it fulfills the conditions (A°.1) and (A°.2). Further it satisfies condition (A°.3) as well.
Therefore, by regarding K as a single point 0* and extending m to Ej = Eo U {0*} by set-
ting m({0}) = 0, we can construct a one-point extension X* of X0 to Ej by means of the
XO-canonical entrance law for K relative to i

x = (r,0) € E. (6.13)

~ 1 _
M (dx) = W (r —v(0))e

We may call X* a WBMD (Walsh’s Brownian motion with darning).
Let (50 ]—'0) be the Dirichlet form of X° on L2(E0, n). Using the transition function of X", X0
we immediately obtain

- - 2
C(Eg) C F°, .9 = —/ f fogpdrn(do). (6.14)

For (go, .7?0), we can make statements analogous to Theorem 5.1 by replacing D(f, g) with
/, 1;?0) f'g'dr. We have also obvious counterparts of Theorems 5.2, 5.4 and 5.6 for the WBMD X.

Those expressions tell us that WBMD can be identified in distribution with WBM if K is a
disk centered at 0, namely, 1/ (9) is constant. Otherwise they are rather different.
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