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Abstract We consider the family of finite signed measures on the complex plane C with
compact support, of finite logarithmic energy and with zero total mass. We show directly
that the logarithmic potential of such a measure sits in the Beppo Levi space, namely, the
extended Dirichlet space of the Sobolev space of order 1 over C, and that the half of its
Dirichlet integral equals the logarithmic energy of the measure. We then derive the (local)
Markov property of the Gaussian field G(C) indexed by this family of measures. Exactly
analogous considerations will be made for the Beppo Levi space over the upper half plane
H and the Cameron-Martin space over the real line R. Some Gaussian fields appearing in
recent literatures related to mathematical physics will be interpreted in terms of the present
field G(C).
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1 Introduction

A basic relationship between a general transient Dirichlet form £ and a Gaussian field G
indexed by the family M of signed Radon measures of finite O-order energy was estab-
lished by Michael Rockner [18] in 1985. It was shown in [18] that the field G enjoys
the global Markov property if and only if the form £ has the local property by using
the balayage operation on measures in M formulated in [8] by means of the transient
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extended Dirichlet space (F,, £). See also [14]. We will be concerned about extending such
a relationship to a general recurrent Dirichlet form.

In recent literatures related to mathematical physics, some investigations are being made
about Gaussian fields indexed by measures on the complex plane C with finite logarithmic
energy ([2, 7, 19]). A primary purpose of this paper is to clarify the role of such measures
from the above mentioned general view point.

To be more precise, let Mgo(C) be the linear space consisting of compactly supported
finite signed measures on C of finite logarithmic energy and with vanishing total mass. In
Section 2, we prove directly that the logarithmic potential U  of any measure u € Mo (C)
sits in the Beppo Levi space BL(C) (cf. [4, 6]) which is just the extended Dirichlet space of
the Sobolev space H'!(C) over the plane C, and that the half of the Dirichlet integral of U i
equals the logarithmic energy I (u) of w.

In particular the linear space Mo(C) equipped with the mutual logarithmic energy
I (u, v) is pre-Hilbertian so that the Gaussian field G(C) indexed by M (C) can be associ-
ated. We then derive the local Markov property of G(C) by invoking the balayage theorem
for the logarithmic potentials well presented in S.C. Port and C.J. Stone [16, §6.7].

Actually the pre-Hilbertian structure of the space Mo(C) appeared already in the book
by Ch.-J. de La Vallee Poussin [13, I1.§1] and its shortest direct proof was given by N.S.
Landkof [12, 1.§4] using the composition rule of Riesz kernels. On the other hand, by
making use of Schwartz distributions and their Fourier transforms, Jacques Deny [5, II1.5]
introduced the distribution 7' of finite logarithmic energy ||T|| together with the logarith-
mic potential U” of T, and showed that, if T is compactly supported, then U7 is in BL(C)
and its Dirichlet integral coincides with ||T'||?> up to a constant factor.

Our result in Section 2 gives a first direct proof of this relation for the subfamily
Moo(C) of such general distributions without using the distribution theory. A direct proof
of the corresponding relation for the Newtonian potentials of measures in M was sup-
plied by [12, 1.§4] using the Gauss-Green formula. In Section 2, we shall instead employ an
approximation by the Brownian semigroup.

Exactly the analogous consideration to Section 2 will be made in Section 3 for the Beppo
Levi space BL(H) over the upper half plane H and the Gaussian field indexed by the space
Moo (H) of compactly supported finite signed measures on H with vanishing total mass and
of finite energy relative to the logarithmic kernel for the reflecting Brownian motion on H.

In Section 4, we continue to make an analogous consideration for the Cameron-Martin
space Hel (R) over the real line R and linear potentials of measures on R.

In Section 5, Gaussian fields and intrinsically associated positive random measures
appearing in [2, 19] will be interpreted in terms of the present field G(C).

Gaussian fields and their Markov property for more general recurrent Dirichlet forms
will be investigated in [9].

2 Logarithmic Potentials and Gaussian Field Indexed by My (C)
2.1 Logarithmic Potentials and Beppo Levi Space Over C

For the complex plane C. define

1 x|2 1 1
prx)y=—exp|l———1], t >0, xeC, k(x)=— log —, xeC. (2.1)
2wt 2t T x|
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p:(x —y) and k(x — y) are the transition density of the planar Brownian motion and the
logarithmic kernel, respectively.
We fix a point xg € C with |xg| = 1 and let

T
kr (x) =/0 (pi(x) — pr(x0))dt, T >0, xeC

We then have the following. See Port-Stone [16, p 70].

Lemma 2.1

T
|kT(x)|=f0 P ®) — prxo)ldt < k@), T >0, xeC,

and
lim k7r(x) =k(x), xeC.
T—o0

We consider the Sobolev space of order 1 over C and the Beppo Levi space over C
defined respectively by

H'(C) = {u € L*(C) : |Vu| € L2(C)},
BL(C) = {u € L2 (C) : |[Vu| € L2(C)}.

loc

Denote the Dirichlet integral fC V f(x) - Vg(x)dx of functions f, g on C by D(f, g).
(%D, H 1((C)) is the Dirichlet form on L2(C) associated with the planar Brownian

motion. Its extended Dirichlet space is known to be identical with the space (BL(C), %D).
In other words, the space BL(C) is the collection of those functions f on C for which there
exist functions f, € H'(C), n > 1,such that { f,} is D-Cauchy and f, — f a.e.on C as
n — oo. Such {f,} is called an approximating sequence for f. See Theorem 2.2.13 and
the first part of Theorem 2.2.12 in [4] for a proof. The Beppo Levi space over C enjoys the
following basic properties (cf. [4, p69]).

(BL.a) Denote by A\ the subspace of BL(C) consisting of constant functions on C. Then
the quotient space B'L((C) = BL(C)/N is a real Hilbert space with inner product %D.

(BL.b) If u,, € BL(C) is D-convergent to u € BL(C), then there exist constants ¢, such
that u,, + ¢, converges to u in leoc (©).

L(C) will denote the collcetion of bounded Borel functions on C vanishing outside some

bounded sets. For f € £L(C), put
T
Uf(x) = /C k(x—y) fydy. Pf(x) = /C pex— Y f®dy. Spf) = /O Pf(0d1, x €C.

(f, g) will designate the integral f(C f(x)g(x)dx for functions f, g on C.

Proposition 2.2 If f € L(C) satisfies

/ f(x)dx =0, (2.2)
then Uf € BL(C) and ’
%D(Uf, u) = (f,u) foranyu € BL(C). (2.3)
In particular,
%D(Uf, up =, uf). 24
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Proof Since f(c lk(x—y)|| f(y)ldy < oo, x € C, Lemma 2.1 guarantees the use of Fubini’s
theorem and the dominated convergence theorem to obtain

kr f(x) = /CkT(X —NfWdy =Srfx), lim Spf(x) =Uf(x), x€C.

Further we get (f, St f) = (f,krf) — (f,Uf), T — o0,by noting that f(Cx(C lk(x —

WIF IS (y)dxdy < oo.
As f € L*(C),we see by [10, Lemma 1.5.3] that S; € H'(C) and

%D(STf, u)=(f — Prf.u) forany u € H'(C). 2.5)

Accordingly
1
ED(STf =Spf.Srf =S )= (f.25r47 f = Sor f = Sor f) = 0, T.T' — o0.

Therefore Uf € BL(C). Since (f, St f) = fOT(P,/zf. Py /2 f)dt increases to a finite limit
(f,Uf)asT — oo, (P fou)| < /(P f, P, f)/(u, u) tends to zero as t — oo for any
u € H'(C). Consequently, we get Eq. 2.3 holding for any u € H'(C) from Eq. 2.5.

For any u € BL(C), there existu, € H L(C) such that {u,} is D-convergent to u. Accord-

ing to (BL.b), there are some constants ¢, such that {u, + ¢,} is L%OC—convergent to u. By

lettingn — ocoin %D(Uf, up) = (f, up) = (f, up+cpn), we arrive at Eq. 2.3 foru € BL(C).
O

Denote by M™(C) the collection of positive finite measures on C with compact support.
The logarithmic potential U u of u € M™(C) is defined by

UM(X)Z/Ck(X—Y)M(dY), xeC

U is superharmonic, namely, it is lower semicontinuous and supermean valued. It is
locally integrable and locally bounded below on C.

For r > 0,consider the function ¥, (x) = #Igr (x), x € C,where B, ={y e C: |y| <
r}. For u € M™, define

() = [E r(x— Y@y, xeC, 2.6)

which is a continuous function on C belonging to £. Furthermore

[Wr « (U] =Upr(x) + Upx), xeC, rl0. 2.7

Here the notation * designates the convolution of functions.

The integral fC udv of a function u# by a measure v is denoted by (u, v) or (v, u). For
w,v € MT(QC), (u, Uv) takes value in (—oo, +-00]. We define the energy I (i) of u €
M*Eby I(p) = (u, Up).

For R > 0, we let kR (x) = %log ‘%, URux) = f(C kR (x — y)u(dy). For u,v €
MT(Q©), (i, Uv) is finite if and only if so is (i, URv) for some R > 0, because

log R
(11, Uv) = (. URv) — %u(@)v(fm. 2.8)

Suppose I (11 + v) is finite for i, v € MT(C). Then I (u), I (v) and (i, Uv) are all finite.
To see this, it is enough to take R > 0 such that the supports of p and v are both contained
in Bg/> and to notice that KR(x — y) >0, x,y € Bg2.
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Let us now introduce several classes of measures on C.
MG (©) = {u e MF(C): I(w) < o0},

Mo(C) = {u : finite signed measure on C, |u| € MB’((C)}.
For p € Mo(Q)let |u| = ut +u=, u = put —pu=, ut € MI(C),be its Jordan
decomposition. Due to the observation made just above, the energy I (i) of u is well defined
by
I(w) =1+ 1) —2u", Un”) eR. 2.9
Finally we define the class

Moo (C) = {u € Mp(C) : u(C) = 0}.
Proposition 2.3 For any u € Moo(C), Un € BL(C) and

1
ED(UM, Up) =1(w), (2.10)
%D(Uu, u) = (u,u) foranyu e C'(C). (2.11)

Proof Let u = ut —p~, ut e ./\/lar((C),be the Jordan decomposition of u € Mgy(C).
Taking a sequence r;, | 0 withr, < %,deﬁne the functions ,u,jf = ,urji according to Eq. 2.6
and let u, = u;f — w, (= [ ¥r, (X — y)u(dy)). Since each function w, belongs to £
and satisfies (2.2), we obtain from Proposition 1.2 that Uu,, € BL(C) and %D(U,un, u) =
(tn, u) for any u € BL(C). In particular,

1
ED(UM,“ Upm) = (un, Upt), n, m € N. (2.12)

We first use Eq. 2.12 to get

1 _ _ _
5P, Upn) = (i U + (uyy Upy) = 2(uyt, Upey).

By virtue of Eq. 2.7, (uif, Upi) < (uiF, Up®) = (Upi, u¥) < (Up*, u¥) < oo
On the other hand, if we take a disk By large enough to contain the supports of u*,then
the supports of the measures [L,::: (x)dx are contained in Bry so that (M;f, U R+1,u; ) > 0.

Further f(C /J,,T (x)dx = pu*(C) < oo. Hence it follows from Eq. 2.8 that
1
~(u7 . Upy) < —log(R + Dt (€™ (C) < oo.

We thus obtain the boundedness sup,, ¢y %D(U Mn, Upy) < 00.

By the Banach-Saks theorem (cf. [4, Theorem A.4.1]), there exists a subsequence {1, }
of {u,} such that, for its Cesaro mean denoted by v, Uvy is D-convergent to some v €
BL(C) as k — oo. Then, by (BL.b) again, there exist constants c; such that Uvy + ci
converges to v in leoc (C)ask — 0.

Uy, = Uv,:r — Uy, for the Cesaro mean v,it of {“ri} and Uv,it(x) 0 Up*(x), x € C,as
k — oo by Eq. 2.7 so that limy o Uvp(x) = Upt(x) — Upn=(x) = Up(x) for any
x € C\ N,where N = {x € C: Uu~ (x) = 4+00}. But the Lebesgue measure of N is zero
because U~ is locally integrable. Hence the limit ¢ = limy_, o, ¢k existsand v = Up + ¢,
and consequently Up € BL(C) and Uvy — Upu, k — oo, D-strongly in (BL(C), %D).

We next use Eq. 2.12 to get

lD _ _ + o+ - -y + -y -+
5 (Uvg, Uvg) = (Uvg, ve) = Uy, v ) + Uy, o) — Uy, v ) — Uy, ).
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As U vkjE are locally bounded below and U u™ are locally integrable, we let k — oo using
the monotone convergence theorem to obtain

1
FPWR, Uve) = Ot v +WOp,v,)—Opt,v) —Up™,v))
= (Wt Uv) + (0 Uvp) — (. Uvy) — (™, Uv)).
By noting (2.9), we finally let £ — oo using the monotone convergence theorem to arrive
at Eq. 2.10. ~
To prove (2.11), take any u € CC1 (C). Denote by y the Cesaro mean of {,}. Since

Y, * u converges to u locally uniformly on C as n — 00, so does vy * ug as k — oo. We
get from Eq. 2.3

1 ~
ED(UU"’ u) = (g, u) = (W, Y * u).
By letting k — oo, we obtain (2.11). O

The rest of this section will be concerned about an extension of the Eq. 2.11 tou € BL(C)
and balayage (sweeping out) of measures. We need some preparations.

Let X = (X;, {Px}xec) be the planar Brownian motion. A subset N of C is called a polar
set (relative to X) if N is contained in a Borel set B such that

Px(op <00) =0 foranyx € C, whereop =inf{r >0: X, € B}.

For u € HY(C), we put Dy (u, u) = %D(u, u) + (4, u) and define the D;-capacity of an
open set G C C by

Cap(G) = inf{Dy(u,u) :u € HI(C), u>1a.e.on G}

The Di-capacity of an arbitrary set B C C is defined by Cap(B) = inf{Cap(G)
G open, G D B}.

It is known that a subset N of C is polar if and only if Cap(N) = 0 (cf. [10, Theorems
4.1.2,4.2.1]). ‘quasi-everywhere’ or ‘q.e.” means ‘except for a polar set’. An extended real
valued function u defined q.e. on C is said to be D-quasi continuous if, for any € > 0,
there exists an open set G C C with Cap(G) < € such that u |<C\ ¢ 1s finite and continuous.

Lemma 2.4 (i) Any function in BL(C) admits a D1-quasi continuous version. If f, €
HY(C), n > 1,constitute an approximating sequence of f € BL(C) and each f, is Di-
quasi continuous, then there exists an subsequence {ny} such that f,, convergesto a D-
quasi continuous version f of f q.e. on C.

(ii) Any u € BL(C) admits an approximating sequence of functions in C, cl ©).

(iii) Take any . € ./\/lg (C). Then w charges no polar set. Further Upu(x) < oo for g.e.
xeC.

Proof (i) follows from [4, Theirem 2.3.4].

(ii). As in the proof of Theorem 2.2.13 in [4], it suffices to prove this assertion for
bounded u € BL(C). Further, for such u, it is shown there that sup, D(u,, u,) < oo
for u,(x) = u(x)n,(x]),x € C,where n, is a non-negative smooth function on [0, co)
satisfying

mx)=1 for0<x<n, n,x)=0 forx>2n+1,
|n;l(x)|§1/n forn <x<2n+1, 0=<n,(x) <1 forx € [0, o0).

Consider a non-negative smooth function ¢ on C with supp(¢) C B; and || B, p(X)dx = 1.
We set ¢,(x) = n2¢p(nx), x € C,and let v, = @, * u,. Then v, € CLI.((C) and
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lim;,_s o v, (X) = u(x) for a.e. x € C. Moreover D(v,,, v,) < D(u,,, u,) so that
sup,, D(vy, v,) < oo. This implies that the Cesaro mean sequence of a suitable subsequence
of {v,} is a desired approximating sequence of u.

(iii). We use the following fundamental identity for the logarithmic potential due to [16,
Theorem 3.4.2]: for any non-polar compact set K C C,

k(x,y) = gV (x,y) + f hg (x, dDk(z,y) = Wk (), x,y€C, (2.13)
K

where k(X,y) = k(x—Y), gC\K is the 0-order resolvent density of the absorbing Brownian
motion on C \ K, hg is the hitting distribution for K of the planar Brownian motion X
defined by hk (x, B) = Px(ox < 00, X4, € B) for any Borel set B and Wk is a certain
non-negative locally bounded Borel function on C vanishing g.e. on K.

Take an open disk Bp containing the support of 1 and write D = B and S = 9Bg. As
Ws(x) =0, x € D,by [16, §3, Prop.4.7], we have from Eq. 2.13

Up(x) = ngD(X, Vu(dy) +Ex [Un(Xog); 05 < 0], x€ D, (2.14)

where g (x,y) is the O-order resolvent density of the absorbing Brownian motion Xp on
D. Denote by g]D (x, y) the 1-order resolvent density of Xp.

Since I (i) < oo and the last term of the right hand side of the above identity are bounded
inx € D,we have [}, , ¢”(x, y)u(dx)u(dy) < oo,andso [, ng(x, Vudx)u(dy) <
oo. This means that the measure p is of finite energy integral relative to Xp ([10, Exercise
4.2.2]). Accordingly p charges no polar set relative to Xp, and equivalently, relative to X
(cf. [10, Lemma 2.2.3, Theorem 4.4.3]).

Since U u(x) < oo for a.e. x € D, so is the function GD/,L(X) = fD gD(x, y)u(dy). As
GP 1 is X p-excessive, we can conclude from [4, Theorem A.2.13 (v)] that it is finite g.e.on
D. We then get the last statement by the above identity because we can take an arbitrarily
large R > 0. O

For u € BL(C), we set
Lw) = [ ¢y1xux)dx,
By

©).

which is well defined because u € leoc

Proposition 2.5 It holds for any v € M (C) that

(v, | — Lw)|) < C(v)y/D(u,u) foranyu € BL(C), (2.15)

where U is a Dy-quasi continuous version of u and C (v) is a positive constant independent
of u € BL(C). In particular, i for u € BL(C) is v-integrable.

Proof We proceed as in [10, p 61]. For fixed v € ./\/lar((C) and u € Ccl. (C),define the
measures U and pu by

V=sgn(u— L)) v, uldx)=7v(dx)—vC)y(x)dx.
As € Moo(C),we have from Eq. 2.11 that

1
FDWp,u) = {p, u) = W, u) = V(O L) = V,u — L)) = (v, [u — LW)]).
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Consequently, it follows from Eq. 2.10 that

1
(v, Ju = La)l) = 2V 1 () - VD, u).

Let us show that %«/I (w) is dominated by a constant C(v) that is independent of u €
C Cl (C). Take R > 2 such that the support of v is contained in Bg/>. We have

I() = 1®) +V(C)* (Y1, Uy) — 20(C)(V, Urn).
From Eq. 2.8, we get

10) = %, UR) + 0, U + ”’TgRWC)f«C)
< 20, 0% + 28R 0,
and > los R
@, Uyn)| = |0F, Uyny) — (57, Uyn)| < 2(v, URYy) + —220(0),
so that, if we put
c(v) = 2{v, URV) + 40(C) (v, URy1) + 1(C)? [wl, Uy) + 61‘7’TgR] ,

then %m is dominated by C(v) = % c(v), which is independent of u € C!(C).

We now have Eq. 2.15 holding for v € ./\/lar((C) and for any u € Ccl. (C) with this con-
stant C(v). For any u € BL(C),one can choose its approximating sequence u, € C, Ll ©
by Lemma 2.4 (ii). In view of Lemma 2.4 (i), u, converges to a D{-quasi continuous ver-
sion u of u q.e. on C by selecting a suitable subsequence if necessary. On the other hand,
according to (BL.b), there exist constants ¢, such that u, +c, converges to u in leoc (C) and
consequently a.e. on C by choosing a subsequence if necessary. Therefore lim,_, », ¢, = 0.
Thus

u, — L(uy,) — u—Lu), n— oo, qe onC,

(v, lup — L(up)l) = CO)yD@p, up). n=1.

We let n — oo. Since v charges no polar set by Lemma 2.4 (iii), we can use Fatou’s lemma
to get the desired inequality (2.15).
u for u € BL(C) is v-integrable as (v, |u]|) < C(v)4/D(u, u) + v(C)|L(u)| < oo. d

and

Theorem 2.6 For any u € Moo(C), Un € BL(C) and U is Di-quasi continuous.
Furthermore

%D(U}L, u) = (U, uy, foranyu € BL(C), (2.16)

where U is any D1-quasi continuous version of u.

Proof For any u € BL(C), choose its approximating sequence {u,} from CC1 (C) according
to Lemma 4.1 (ii). For u € M (C),we have from Proposition 2.5

[, W) — (s un) | < [, 6 =y — L(u — up))|

< (T =y — L —un)|) + (07, |0 = up — L = up)])

< (N + CU VDU — g, u —uy) = 0, n— oo.

So, by letting n — oo in Eq. 2.11 for u = u, ,we arrive at Eq. 2.16.
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We have seen in the proof of Proposition 2.3 that, for u € My(C), Un
can be D-approximated by a series {Uvi} of continuous functions and furthermore,
limg— oo Uvp(x) = Up(x) forx € C\ N, where N = {x € C : Upu~(x) = oo}. As
u~ € M the set N is polar by Lemma 2.4 (iii). Therefore U is Di-quasi continuous in
view of Lemma 2.4 (i). (|

Proposition 2.7 (i) {Uu : u € Moo(C)} is dense in (BL(C), %D).
(ii) The linear space Moyy(C) is pre-Hilbertian with inner product I(j,v) =
(w, Uv), p,v e Mp(C).

Proof (i). Suppose u € BL(C) is D-orthogonal to {U it : u € Mgp(C)}. In view of (BL.a),
it suffices to show that u is constant a.e.

For x € C and r > 0, consider the measure u*"(dy) = ¥, (x — y)dy — ¥1(y)dy €
Mo(C). Then we have from Eq. 2.16 that

1
ED(UM”’ u) = Yr xuw)(x) — (1 xu)(0) =0, xeC,

and so, (Y, *u)(x) is a constant forallx € Candr > 0. Asu € leoc((C), lim, o (Y *u)(X) =
u(x) for a.e. x € C. Thus u is constant a.e. on C.

(ii). By Eq. 2.10, (u,Up) = %D(Uu, Up) = 0 for any € Moo(C). Suppose
{(u, Up) = 0 for u € My(C). Then, for any u € CCl ©), (n,u)y = lD(U;L, u) = 0 by
Egs. 2.10 and 2.11, yielding u© = 0. O

This proposition means that the abstract completion of the pre-Hilbert space
(Moo(©), I) is isometrically isomorphic with (BL(C), %D) by the map u € My(C) +—
Un € B'L((C). The space (B.L((C), lD) can be actually viewed as a reproducing kernel
Hilbert space for (Mo (C), I).

Let K be a non-polar compact set in C. For u € M(C),define

ug(B) = / u(dy)hk(y, B), forany Borel set B C C. 2.17)
C

The measure g is called the balayage of u to K.

Proposition 2.8 Let u € Moo(C). Then ug € Moo(C) and, for any v € Moyy(C) with
suppllvl]] C K,
(Up,v) =(Upk, v). (2.13)

Proof Since K is a non-polar compact set, g (y, K) = 1 for any y € C so that ug
vanishes on C \ K and ug (C) = u(C) for any u € My(C). For u € M™(C),we get the
followings from the fundamental identity (2.13) (cf. [16, Theorem 6.7.17]): there exists a
constant ¢(u) and

Upg(x) < Upx) +c(n), foranyxeC, (2.19)

Upg(x) =Upx) +c(un), forqge.xeKk. (2.20)
Ifue Mg(@),then Eq. 2.19 implies that
(g, Upg) < (ug, Up) + c(uug (C)
= (Uug, ) +c(pu(@) < (U, p) + 2c(u)u(C) < oo,

and consequently, ux € M(T (C). One can thus see that, if i belongs to Mo (C),then so
does k.
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Clearly the identity (2.20) remains valid for any . € Mo(C). Integrating the both hand
sides of this identity by v € Mo(C) with supp[|v|] C K and noting that |v| charges no
polar set (Lemma 2.4 (iii)), we arrive at Eq. 2.18). O

2.2 Markov property of the Gaussian field index by M, (C)

In view of Proposition 2.7 (ii), there exist a system of centered Gaussian random variables
G(C) ={X, : n € My(C)} on a certain probability space (£2, B, P) with covariance
E[X,X,]=(u, Uv), n,ve Muy(C). (2.21)
For a subset A of C, define the sub-o-field of B by
o(A) = o{Xy : € Moo(C), suppllull C A}.

G(C) is said to have the local Markov property if, for any bounded open subset G of C, the
identity
E[YZ|o(0G)] = E[Y|0(0G)] E[Z|0 (3G)] (2.22)

holds for any bounded o (G)-measurable function ¥ on € and any bounded o (C \ G)-
measurable function Z on Q2. The following is known to be a necessary and sufficient
condition for the local Markov property of G(C) (cf. [18, §6]): for any bounded open set
GcC

o{]E[Y|o(E)] : Y is bounded and ¢ (C \ G)-measurable} C o (3G). (2.23)

Theorem 2.9 The Gaussian field G(C) indexed by Myy(C) enjoys the local Markov
property.

Proof Let G be a bounded open subset of C and take any u € Mo(C) with supp[|u|] C
C\ G. Due to the continuity of the path X, of the planar Brownian motion X = (X, Py),

ug(B) zf p(dy)Py(Xo, € B) =/ w(dy)Py(Xs,; € B) = oG (B),
C\G C\G

for any Borel set B C C. -
By virtue of Proposition 2.8, we have for any v € M (C) with supp[|v]] C G

(Up,v) = (Upg,v),
which means E[X,X,] = E[XMEX.,]. Hence X, — Xua is orthogonal to X,, and
consequently independent of o (G) because all random varibles involved are Gaussian.
Accordingly
E[X, — X,-|0(G)] =E[X, — X, .1 =0.
Thus we obtain

E[X,|0(G)] = E[X,5]0(G)] = X,y = Xpye € 0(3G).

3 RBM on H and Gaussian field indexed by My (H)

We consider the upper half plane H = {x = (x, y) € C: y > 0}. H will be also denoted by
H, while H_ denotes the lower half plane {x = (x,y) € C:y < 0}. Forx = (x, y) € C,
x* = (x, —y) denotes its reflection relative to dH.
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LetX = (3(\ t {f@x}xeﬁ) be the reflecting Brownian motion (RBM in abbreviation) on H.
X is obtained from the planar Brownian motion X = (X; = (X ,(1) , X ,(2)), {Px}xec) by

X =xP x?),  Py=P xel. (3.1)

Consider a closed subset F' of H and denote by F” the set of all regular points for F
Lelative to i; F" ={x € F;Px(or = 0) = 1}. F\ F" is then polar relative to i, namely,
Py(op\rr < 00) = 0O for any X € H (cf. [10, Theorems A.2.6, 4.1.2, 4.1.3]). We also
consider the part iﬁ\ Fon H\ F of X, that is to say, the process obtained from X by killing

upon hitting the set F. Define for any Borel set B C H
_ . oF . _
gV (x, B) = Ex U IB(Xs)ds] , xel
0
Foraset B C Hy, B* = {x*;x € B} C ﬁ; denotes its reflection relative to dH.

Lemma 3.1 [f F be a closed subset of H that is non-polar for X then, for any bounded
Borel set B C H,

sup 20V (x, B) < o0. (3.2)

xeH

Proof We compare §E\F (x, B) with its counterpart for the planar Brownian motion X:

« U'F*
¢S\ (x, B) = By [/ IB(XS)ds] . xeC.
0

In view of [16, Proposition 2.2.7], it holds that

sup ¢“\F(x, B) < o0, (3.3)
xeC
whenever F* C C is a non-polar closed set for X and B C C is a bounded Borel set.

_ Suppose F and B satisfy the stated conditions. We then have g\F' (x, B) = I+II+]II, x €
H, where

—~ OF ~ —~ O3H ~
I =Ty [/ Ig(X5)ds : of < UBH] , II=Ex [/ Ip(Xs)ds; ogm < UF] ,
0 0

~ [~ OF -
and I = EX |:E)A(JBH [/ IB(XS)dS]; OH < GF].
0
Accordingly - B
1<gM-xB), N=<g"xB), xel
The definition (3.1) implies that, fory € oH,

—~ OF —~ OFUF*
]Ey |:f IB(Xs)de| = Ey |:f IBUB*(Xs)dS:I s
0 0

I < sup g™VF (y, BU B¥).
yeC

Thus Eq. 3.2 follows from Eq. 3.3. g

and consequently,

Recall p;(x), t > 0, x € C,and k(x), x € C,defined by Eq. 2.1. We let

DY) =p(x—Y) +px—y"), >0, kx,y)=kx—y) +k(x—y*), x yel.
3.4
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p, (X,y), X,y € H,is the transition density of the RBM on H. Let us call k(x y), X,y €
H, the logarithmic kernel for the RBM on H. -
The following proposition is a counterpart of Eq. 2.13 for the RBM on H.

Proposition 3.2 For any compact subset K of H that is non-polar for X we have
ke y) = 20K (x,y) + / hk (x, dok(z,y) — Wk (x), x,y€H. (3.5)

Here'g gH\K (x,y) is the O-order resolvent denszty ofXH\K, Tk is the hitting distribution for

K ofX defined by hK(x, B) = IP’ (o < oo, XUK € B) for any Borel set B C H,and WK
is a certain non-negative locally bounded function on H vanishing on K". For x # y,both
2K (x,y) and [, hi (x, d2)k(z,y) are finite.

Proof For @ > 0,we set

o0
@®=fe”%mm ka(X) = g0 (®) — ga(x0), x€C,

0

where X is a fixed point in H with |xg| = 1. As Lemma 2.1, we can then see that

0 <ky(x) 1 k(x), for|x| <1; 0<—ky(x) 1 —k(x) <00, for|x|>1, «a|O0.
_ (3.6)
We next set, for x, y € H,
(X Y) = ga(X—Y) + 8 (X~ ¥, ka(X,y) = ka(X —¥) + ko (x — ¥").

Since g, (X, y) is the a-order resolvent density of i, the strong Markov property of X yields
the identity

La(X,y) =g, VK (x, y) +/ R (x, d2)3u (2, y), X, y€H,
K

for the «-order resolvent density Zg’%ﬂ\K of iﬁ\ x and for the a-order hitting distribution iz\‘}‘(
of X for K. By substituting gy (x, y) = 7<\a (X, y) —2g+(X0) into the above identity, we obtain

%mw-ﬁ“mw+/ﬁ%xm%@w—wym x,yeH, (37
K

where R
W (X) = 280 (x0) (1 — Bxle K]y, x e L. (3.8)
Integrating the both hand sides of Eq. 3.7 by dy over a bounded Borel set B C H with a
positive Lebesgue measure | B|,we get

amm—%“@m+fme%@mﬂmW®,x&i
K

By Lemma 3.1, gﬁ\K (x, B) is bounded in x € H. Moreover fB 76\(X, y)dy is locally bounded

on H. Hence we can see by letting @ — 0 in the above identity that the limit Wi (x) =
limg, o W (x) exists and further that the limit is locally bounded on H and vanishing on K.
We finally let o | O in the Eq. 3.7 by noticing (3.6) to arrive at the desired conclusions. [

Denote by M (H) the collection of positive finite measures on H with compact support.
The logarithmic potential U wof 1 € M (H) for RBM is defined by

m®=AMMwm,mﬁ (3.9)
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For 1 € M (H) and a compact set K C H,define
Lk (B) = ﬁ w(dy)hg(y, B), forany Borel B C H. (3.10)
H

Then fixg € MT(H) and supp[fig] C K. [ik is called the balayage of 11 to K relative to X.
(v, u)g or (u, v)z will designate the integral fﬁ u(x)v(dx) for a function u and a measure
v on H.

Proposition 3.3 Ler K be a compact subset of H that is non-polar for X. It holds then for
any i € M™(H)

Ulig (x) = Un@x) + (W, p)g,  foranyx € K', (3.11)
Ulig(x) < Up@x) + (Wk, g, foranyx € H. (3.12)

Proof Both 7<\(x, y) and fg\ﬁ\’( (x, y) being symmetric, Eq. 3.5 yields
f hk (x, dD)k(z, y) — Wg (x) = / Rk (y, do)k(z, ) — Wk (y),
K K

and consequently,
Ex [Un(Xog); ok < 00] = Uik (®) — (W, g + pEWx), xeH — (3.13)
We obtain Eq. 3.11 from Eq. 3.13 for x € K". Further Eqs. 3.5 and 3.13 lead us to

On(x) = /ﬁ K (x, Y u(dy) + By [ (R ): 0% < 00] — w@EW)

> Upig(0) — (Wk, W, x€H,
which yields (3.12). (I

Let us introduce classes of measures on H by
MG () = {(p € MY : (n, Up)g < oo},
Mo(H) = {u : finite signed measure on H, |u| € M:{(ﬁ)},
Moo(H) = {n € Mo(H) : n(H) = 0}.

Given u € Mg(H),its extension p* to a measure on (Cl)y reflection relative to 0H is defined
as follows: for a Borel set B, u*(B) = w(B) if B C H, and u*(B) = u(B*)if B C H-.
Further, given a function f on Hi, its extension f* to a function on C by reflection relative
to 0H is defined as follows: f*(x) = f(x) if x € H, and f*(x) = f(x*) ifx € H_.
We readily obtain the following.

Lemma 3.4 It holds for u € M (H) that

Up'@) = Ow'@).  xeC (3.14)
and

~ 1
(w, Un)g = E(M*: Uun*). (3.15)

Equation 3.15 implies that 1 € Mo(H) (resp.u € Moo(H)) if and only if u* € Mo(C)
(resp. u* € Moo(C)).
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Analogously to the case of the whole plane C, we consider the Sobolev space of order 1
and the Beppo Levi space over H defined respectively by

H'(H) = {u € L>(H) : |Vu| € E*(H)}, BL(H) = {u € L} .(H) : [Vu| € £*(H)}.
Denote the Dirichlet integral fH V f(x) - Vg(x)dx of functions f, g on H by Dy(f, g).
(%DH, H'(H)) is the regular Dirichlet form on L2(H) associated with the RBM on H. Its
extended Dirichlet space is known to be identical with the space (BL(H), %DH) just as the

case of C in place of H. Moreover the quotient space BL(H) of BL(H) by its subspace of
constant functions on H is a real Hilbert space with inner product %DH.

Lemma 3.5 f e BL(H) if and only if f* € BL(C). It holds for any f  BL(H) that
DaCf, )= 3D 1. (3.16)
Proof For f e L*>(H),we let
Pfo = [ Fxyfmdy, xeH, Ppi0 = /C pix—y) f*(¥dy, x € C.
We then easily see that P, f*(x) = (P; f)*(x), x € C,so that

(f* f* = Pf e = /H FOOf ) — Py f(x))dx

4 /H FOOVNFE) = BfcNdx = 20f. f — B f) 2.

Dividing the above identity by ¢ and letting ¢ | 0,we get the stated relations between the
Sobolev spaces H! of order 1, that can be readily extended to the ones between the Bepp
Levi spaces. O

Let us define Dy 1-capacity Cap™ of a subset B C H and Dy, 1-quasi continuity of a
function on H in the same way as in Section 2 but with Dy in place of D. Thenaset N C H
is polar relative to X if and only if CapH(N ) =0.

Lemma 3.6 (i) Any function in BL(H) admits its Dy quasz continuous version.
(ii) Any n € M+(H) charges no polar set relative to X.
(iii) If f is a D-quasi continuous function on C, then f |]HI is Dy 1-quasi continuous.

(iv) If f is a Dy, 1-quasi continuous function on H, then f* is D1-quasi continuous on C.

Proof (i). See [10, Theorem 2.1.7].

(ii). This can’l\ae shown using the identity (3.5) that any measure v € Mg (H) charges
no polar set for X, just as the corresponding statement is shown in the proof of Lemma 2.4
(iii) using the identity (2.13).

(iii). For an open set G C C, CapH(G NH) < Cap(G).

(iv). For an open set G C H, Cap(G UG*) < CapH(G) O

Theorem 3.7 For any . € Moo(H), U u € BL(H) and U W is Dy 1-quasi continuous.
Furthermore

1 ~ ~
EDH(UM, u) = (u, w)g, foranyu € BL(H), (3.17)

where U is any Dy 1-quasi continuous version of u.
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Proof u* € Moo(C) by Eq. 3.15 so that U ™ is a Dj-quasi continuous function in BL(C)
by Theorem 2.6 and U W is Dy 1 -quasi continuous by Eq. 3.14 and Lemma 3.6 (iii). For any
Dy 1-quasi continuous version # of u € BL(H), u* is D;-quasi continuous by Lemma 3.6
(iv). Therefore it follows from Eq. 3.15, Lemma 3.5 and Theorem 2.6 that

@) = owur . uny = Ly iy = g
5D /L,u)—4 ( M,u)—zw,u)—(u,u)H-

Proposition 3.8 (i) {Uu : u € Moo(H)} is dense in (BL(H), 1Dg).
(ii) The linear spacef./\/log(ﬁ) is pre-Hilbertian with inner product Iy(u,v) =
(w, Uv)g : p, v € Moo(H).

Proof Using Eq. 3.17, (i) can be shown as the proof of Proposition 2.7 (i). (ii) follows from
Eq. 3.15 and Proposition 2.7 (ii). ]

This proposition implies that the abstract completion of the pre-Hilbert space
(Moo(HD), Igr) is isometrically isomorphic with (BL(H), 1Dg) by the map u €
Moo(H) — Up € .BL(H).

We now state a counterpart of Proposition 2.8 for the upper-half plane. For 1 € M (H)
and a compact set K C H,define the balayage fix of u on K by Eq. 3.10.

Proposition 3.9 Let n € Moo (@ and K C Hbe a compact set that is non-polar relative
to the RBM X. Then g € Myo(H) and, for any v € Moo(H) with supp[|v|]] C K,

(Up, vig = (Ul v)g- (3.18)

Proof One can proceed along the same line as the proof of Proposition 2.9. Since the com-
pact set K is non-polar for the RBM X which is irreducible recurrent, ﬁK (y, K) =1 for
any y € H (cf. [10, Exercise 4.7.1]) so that fig (H \ K) = 0 and fixg (H) = w(H) for
any € Mo(H). By making use of the inequality (3.12), we can show that, if x belongs
to Moo(H), so does jig, just as the corresponding statment is derived in the proof of
Proposition 2.8 from the inequality (2.19).

The equality (3.11) holding for x € K’ remains valid for u € Mgo(H) in place of
w e MtH). Integrating the both hand sides of this identity with respect to v € Mg (H)
by taking Lemma 3.6 (ii) into account, we arrive at Eq. 3.18. ]

By virtue of Proposition 3.8 (ii), there exist a system of centered Gaussian random
variables G(H) = {X, : © € Moo(H)} on a certain probability space (2, B, P) with
covariance

E[X,X,] = (u. Uv), . v e Moo(H). (3.19)

Exactly in the same way as Theorem 2.9 is derived from Proposition 2.8, we can obtain
the following from Proposition 3.9:

Theorem 3.10 The Gaussian field G(H) indexed by Mo (H) enjoys the local Markov
property.
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4 Linear potentials and Gaussian field indexed by My (R)

For the real line R, let
2

e, t>0, xeR, k(x)=—|x|, xR .1

1
pi(x) =
' 21t
pi(x — y) is the transition density of the Brownian motion on R and k(x — y) is called the
linear potential kernel. If we set

T
kr(x) 2/0 (pr(x) — p:(0))dt, xeR, T >0,

then (cf. [16, p. 82]),
0>kr(x) | k(x), T 1oo, xeR. “4.2)

For functions f, g on R, the integrals [ f(x)g(x)dx and [ f'(x)g'(x)dx are denoted
by (f, g) and D(f, g), respectively. The Cameron-Martin space on R is defined by

HCl (R) = {u : absolutely continuous on R, D(u, u) < oo}. 4.3)
PutH'(R) = H el (R)NL2(R). Then (%D, H'(R)) is the Dirichlet form on L2(R) associated

with the Brownian motion on R and (He] (R), %D) is its extended Dirichlet space (cf. [10,
Exercise 1.6.2]).

Lemma 4.1 The quotient space H! (R) of H, el (R) by constant functions on R is a Hilbert
space with inner product %D.

Ifu, € He] (R) is D-convergent to u € He1 (R) as n — o0,then there are constants c,
such that u,, — c, converges to u locally uniformly on R as n — oo.

Proof From f(b) — f(a) = f:f’(f;‘)dx, we have (f(a) — f(b))* < |a — b|D(f, f). So

{u, — u,(0)} is locally uniformly convergent to u + ¢ for some constant c, O

The linear potential of a Borel function f on R is defined by
Uf(x) = fR k(x —y)f(y)dy, x € R,whenever the integral makes sense.

Proposition 4.2 Let f be a bounded Borel function on R vanishing outside some bounded
set and satisfying [ f(x)dx =0.Then Uf € H}!(R) and

%D(Uf, u) = (fu) foranyu € HL(R). (4.4)

Proof For f with the stated properties, we get by noting (4.2) that

T
Uf(x) = Tli_)moo/RkT(x —nfydy = Tli_)moo/(] pix =) f(y)dy xeR.

Hence we can verify as in the proof of Proposition 2.2 that Uf € H](R) and the Eq. 4.4
holds for any u € HY(R). For any u € HEI(R), choose u, € H'(R), n > 1,that are D-
convergent to u. Then ,taking constants c¢,, n > 1, as in Lemma 4.1, we can obtain (4.4)
for u from those for u,,, n > 1. O

Denote by M (R) the collection of positive finite measures on R with compact support
and define

Mo(R) = {u; finite signed measure, || € MTR)}, Mop®) = {u € MoR) : w(R) = 0}.
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The linear potential of u € Mg (R) is defined by U u(x) = fR k(x —y)u(dy), x € R. For a function
f and a measure v on R, the integral f]R f(x)v(dx) will be disignated as (v, f) or (f, v).

Theorem 4.3 Forany u € Mo(R), Up € H!(R) and

1
ED(UH'M) = (u,u), foranyu e He](]R). 4.5)
In particular,

1
PR U = (. Up). (4.6)

Proof Let ¥,(x) = 5I—1/n.1/my(x), x € Riand Jg = [-R, R], R > 0. Consider u € M*(R)
with supp[u] C Jg for some R > 0 and define

() = /R Vulx — iy, xeR n>l. @7)

Iy 1s a continuous function whose support is contained in Jg4 and fR Un(x)dx = w(R). Hence

|(;L,,,U,un)|§MM(]R)2 where M = sup |x — y|.

X, y€JR+1

We further see that
lim Up,(x) =Uun(x), x e R; lim (u, u,) = {(u, u), 4.8)
n—0o0 n—o0

where u is any continuous function on R.
We now take any u € Moo and define p,, by Eq. 4.7. Then u,, is a continous function on R with
compact support and fR Hn(x)dx = 0. Therefore, by Proposition 4.2, U i, € HL,l (R) and

1
SPW i, ) = (@, ), forany u € H!(R). 4.9)

Since %D(U W, Uly) = (n, Upy) is uniformly bounded in n by the preceding observation, for
a Cesaro mean sequence (denoted by {v,}) of a suitable subsequence of {x,}, Uv, is D-convergent
to some v € Hé,1 (R). According to Lemma 4.1, there are constants ¢, such that Uv, + ¢, is locally
uniformly convergent to v. As Eq. 4.8 remains valid for v, in place of u,, the limit lim, .o ¢, = ¢
exists and v = Upu + c. By letting n — oo in the Eq. 4.9 for v, in place of u,, we get to Eq. 4.5. [J

Proposition 4.4 (i) (U : i € Moo(R)} is dense in (H)(R), 1D).
(ii) The linear space Moo (R) is pre-Hilbertian with inner product Ig (i, v) = (i, Uv) : u,v €
Moo(R).

Proof (i). Suppose u € He1 (R) is D-orthogonal to {Up : € Moo(R)}. Then (i, u) = 0 for any
u € Moo(R). Taking u = 8, —8¢ € Mo(R),where §, denotes the delta-measure on R concentrated
on {x}, we get u(x) = u(0) for any x € R, so that u is a constant function.

(ii). By Eq. 4.6, Ir(u, u) > 0 for any u € Moo(R). Suppose Ir(u, u) = 0 for u € Moo(R).
Then (u, u) = %D(U}L, u) = 0 for any u € C.(R) by Egs. 4.6 and 4.5, yielding 1 = 0. O

This proposition implies that the abstract completion of the pre-Hilbert space (Moo (R), Ir) is
isometrically isomorphic with (HL,1 (R), %D) by the map 1 € Moo(R) > Up € H}(R).

We finally state a counterpart of Proposition 2.8 and Proposition 3.9 for the present linear case.
The balayage of u € Mgp(R) to a non-empty compact set K C R is defined by ug(-) =
fR u(dy)hi(y, ) using the hitting distribution hg (x,-) = Py (X, € -) of the one-dimensional
Brownian motion (X;, {Py}yeRr).

Proposition 4.5 Let 1 € Myy(R) and K be a non-empty compact set of R. Then g € Moo(R)
and, for any v € Mgy(R) with supp[|v|]] C K, (Un, v) = (Uug, v).

@ Springer



376 M. Fukushima

Proof Due to the recurrence of the one-dimensional Brownian motion, kg (y, K) = 1 for every
y € Rsothat ug € Mop(R) for u € Mgo(R). The fundamental identity for linear potentials
presented by formula (6) in page 83 of [16] reads

k(x —y) = gr\k (x, y) + /K hg(x,dk(z —y) = Wg(x), x, y€R, (4.10)

where gg\ g (x, ) is the O-order resolvent density of the absorbing Brownian motion on R \ K and
Wk (x) is a certain non-negative locally bounded function on R vanishing on K. Just as in the proof
of Proposition 3.3, one can deduce from Eq. 4.10 the identity

Upk(x) =Up(x) + (W, 1)
holding for every x € K,which yields (Upu, v) = (Upg, v) immediately. O

In view of Proposition 4.4 (ii), there exist a system of centered Gaussian random variables G(R) =
{X, : € Moo(R)} on a certain probability space (2, B, P) with covariance

E[X,.X,1=(u,Uv), un,ve MopR). (4.11)

Exactly in the same way as Theorem 2.9 is derived from Proposition 2.8, we can obtain the
following from Proposition 4.5:

Theorem 4.6 The Gaussian field G(R) indexed by Moo (R) enjoys the local Markov property.

5 Gaussian fields and processes induced by G(C) and G(R)

We exhibit several examples of Gaussian fields and processes that can be obtained as subfields of
G(C) and G(R). A special attention will be paid on positive random measures intrinsically associated
with the fields.

We first recall the equilibrium measure in the logarithmic potential theory (cf.[16, §3.4]). For any
non-polar bounded Borel set B C C, there exists a unique probability measure jp concentrated on
B” whose logarithmic potential U g (-) = f(C k(-—y)up(dy) is constant on B". Here B" denotes the
set of all regular points of B relative to the planar Brownian motion X = (X;, {Px}xec). 5 is called
the equilibrium measure of B and it is concentrated on d B. Actually 1 g equals limjx|— 0o Px(Xoj, € -)
the hitting distribution on B of X from co. For r > 0, let B, = {x € C : [x| < r} and o, be the
uniform probability measure on 9 B,. Then g, = o, and

1
Uo,(x) = ;log x € C. 5.1

x| vr’
5.1 Restriction G(dB1) of G(C) to d By

We put
L(9B1) = {¢ : bounded Borel function on 9By},

and define for ¢ € L(dB;)
wy (dy) = y(Y)oi1dy) — (o1, ¥) - o1(dy). (5.2)

Wy is a member of Mgy(C). We denote the Gaussian random variable X, s € G(C) by Yy and
consider the Gaussian field

GOB1) = {Yy : ¥ € LB} (5.3)
indexed by £(3dB;). We then have for 1, ¥, € L(dB})
E[Yy, Yy,]1 = f k(x — y)¥1 ()¥2(y)o1 (dx)o; (dy), 54
dB1 x0By

because of Eq. 2.21 and Uo(x) =0, x € dB;.
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We identify d By with the torus T = [0, 1) and denote by D(T) the collection of C*°-functions on
T. With this identification

1

— x=" X = 1 seT. (5.5)
2sinm|t — 5|

, 1
k(x—x) = —log

b4
Equation 5.4 implies that, if ¢, € D(T) converges to 0 uniformly on 9 Bj,then IE[an] — 0 and
consequently Yy, — Oa.s.asn — oo. Thus the map € D(T) > Yy, is in the space of distributions

D/(T) a.s., namely, we may view G(dBj) |D('J1‘) as a Gaussian random distribution.

Recently this Gaussian random distribution was introduced and studied in [2] via an informal
definition of a Gaussian field {Y; : t € T} indexed by T whose covariance E[Y; Y] is identical with

Eq. 5.5 in the following manner. Using independent random variables {A,, B,, n > 1} with common
distribution N (0, 1), consider a random Fourier series

N
1 1
N .
Y = Nz ng,l ﬁ(An cos2mnt + B, sin2nwnt), t €T, (5.6)

and let Y; = limy_ Y,N . Since limy s o0 IE[(Y,N )2] diverges, Y; is not well defined.
But it can be verified that

1
2sinm|t —s|’

1
lim E[Y NyN1= =1 t s,
i BTG = o log #s

oo 1

both hand sides being equal to a convergent cosine series % Donet

cos 27 (t — s)n. As is indicated

by this identity, one can give a representation Y, w of our Gaussian random variable Yy, for ¥ € £(T)
by

Yy = Jim /T YNy (0)dr. (5.7

Indeed one can verify that
E[?Wl ipz] — / k(eZnti _ eZﬂ.vi)wl (eZHti)wz (e2nsi) dtds,
TxT

both hand sides being identical with % h ﬁ (aja? + blb?) for the Fourier coefficeints @}, b, of
Yi e L), i =1,2.

A positive random measure pgr) concentrated on the circle T was constructed in [2] by
approximating the field G(9B;) via a certain white noise expansion. An alternative conceivable
approximation would be

2
(¢, ngery) = lim / exp (yYW - YR, )) p()dt, ¢ e C(T),
el0 J1 2

where /¢ (e2757) is defined to be 1/2¢if s € (t — &, t + ¢) and O otherwise.

More generally we may consider the restriction of G(C) to d B for any (not necessarily connected)
non-polar bounded Borel set B C C. Let up be the equilibrium measure for B. By choosing R > 0
with B C Bg,define for ¢ € L(dB)

wy (dy) = v (Y)up@y) — (wp, ¥) - or(dy) € Moo(C), (5.8)
and denote X, by Yy,. Then G(0B) = {Yy : ¥ € L(3B)} is a Gaussian field with covariance

1
E[Yy, Yy,] = /a . kX =YV @opsdy) + —logR, Y1, Y2 € LOB). (5.9)

Bxd

In connection with this subsection, we mention that the logarithmic potential of a variant of the
measure (5.2) was considered in [5, II1.5] already.
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5.2 Gaussian field {Y*¢} indexed by {1* ¢} and Liouville measure j.cc)

Forx € C, ¢ > 0,let B;(x) = {y € C: [x — y| < ¢} and u** be the uniform probability measure on
9 B¢ (x). u*¢ is the equilibrium measure for the set B, (x) with the equilibrium potential

1
Up*i(y) = — log yeC

x—ylve
Fix R > 0. For any x € C and ¢ > 0 with B;(x) C Bg,define
e = pf —og (€ Moo (C)). (5.10)

The associated Gaussian random variable Xpxe € G(C) is denoted by Y**. In view of Eq. 5.1, the
Gaussian field {Y*¢} indexed by (x, ¢) has the convariance

1
E[YXey¥e] = (u**, Up¥) + — log R. G
T

1 X, 2
In particular, E[(Y*)?] = —(log R — loge) so that E[e?"" ] = (R/e)” /™ for a constant
T

y > 0. Denote by m the Lebesgue measure on C. It is plausible that the almost sure limit

2
. [E\E e _
lim () exp(y Y¥) - midn) = i) @) (5.12)

exists in the sense of weak convergence of measures on B and the limit random measure gy =

ué’({é) is non-degenerate for small y > 0.

A similar assertion is being made in [19] without proof but by quoting [7]. In [7], the existence
of a positive random measure analogous to ugc) called a Liouville (quantum gravity) measure is
studied for the Gaussian field G(D) associated with the transient Dirichlet form (%DD, HO1 (D)) on
L% (D) of the absorbing Brownian motion on a planar domain D C C. G(D) can be formulated as the
Gaussian field indexed by signed Radon measures on D of finite O-order energy. [7] is just treating
its special subfield indexed by {u*€; x € D, € > 0}. One can then well use the Markov property of
G(D) due to [18] or its weak version. D is assumed to be bounded so that the extra term Wyp in
the fundamental identity for the logarithmic potentials vanishes on D (cf. (2.14)). See the proof of
[9, Proposition 2.5 (ii)] for a justification of the formulation mentioned above.

In this connection, we mention the work [1] that studies a time changed planar Brownian motion
with the symmetrizing measure being the Liouville random measure j.g for the massive free field G,
namely, the Gaussian field associated with the transient Dirichlet form (%D( f,e)tal(f,g), H (&)
on L2(C) for a fixed a > 0 (cf. [15, §4]). This Liouville measure g has been rigorously constructed
(cf. [17]) by an approximation of the O-order resolvent kernel r (x, y) = fooo q: (X, y)dt for g;(x,y) =

An+1

x—y1 . .
Qrr)~le e~ 7 as a sum of non-singular kernels fa q:(x,y)dt and by applying Kahane’s

multiplicative chaos [11] to Gaussian fields {X,(x), x e”(C} indexed by {éx; x € C}. See [3] and
references therein for some more general considerations on Liouville random measures.

5.3 Brownian motions produced by G(C) and G(R)

For r > 1, define u, = /w(o, — 01) (€ Moo(C)). It follows from Eq. 5.1 that (p,,, Upy,) =
(logry) A (logra), ri,r2 > 1. Therefore, if we denote by W, the Gaussian random variable X gt for
t € [0, 00), then
E[W, Wi]=tAs, t, s >0, (5.13)
namely, {W;};c[0,00) is @ Brownian motion with time parameter [0, 00).
Finally we take the Gaussian field G(R) indexed by M (R) considered in Section 4. For x € R,
Sy denotes the §-measure concentrated at {x}. We let

1
Mx = 5 (6x —do) (€ Mop@®)), xeR,

and denote by B, the assoicated Gaussian random variable X, . We then have from Eq. 4.11
E[B:By]l = |x|+ |yl = |lx =y, x,yeR. (5.14)
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The right hand side equals x A y; 0; and —(x V y),in accordance with x, y > 0; x > 0, y < 0; and
x,y < 0, respectively. This means that {B,; x > 0} and {B_, : x < 0} are independent Brownian
motion so that {B, : x € R} is a Brownian motion with time parameter R.
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