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Feller’s Contributions to the
One-Dimensional Diffusion
Theory and Beyond

by Masatoshi Fukushima from Osaka

1 Intrinsic forms of infinitesimal generators

For an open interval / C R, we denote by C,(I) the space of bounded continuous
functions on /. Consider a second order elliptic differential operator
W Lu(x) = a(x)u” (x) +b(x)u (x) + c(x)u(x), xel,

for a,b,ceCy(I) with a>0,¢<0 on I

This differential operator . can be converted by

1
ds=eBdé, dm=-eBdE, dk=—SePdE
a a

=

where B(£) = fyé ZEZ)

dn, y € I, into the operator A of the canonical form
_ dDsu—udk
N dm

The triplet (s,m, k) appearing in the expression (2) consists of

) Au(x) (x), xel.

(3) canonical scale s : astrictly increasing continuous function on /,
(4)  speed measure m : apositive Radon measure on / with full support,
(5)  killing measure k : apositive Radon measure on 1.

We take the domain Z(A) of A to be

du is absolutely continuous with respect to ds,
du/ds has a version Dsu of bounded variation,
©)  D(A)=queCl) . .
Dgu — udk is absolutely continuous w.r.t. m

with a Radon—Nikodym derivative in C, ()
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The operator (2) has an obvious advantage over (1) in that it is a topological
invariant: if the interval I is mapped onto another interval J by any strictly increasing
continuous function, then (A, Z(A)) is transformed into an operator based on J of
the same type as (2), while £ in (1) is not — unless the map is differentiable.

Let us consider a Markov process X = (X;, {,IP;) on I whose transition function
P;(x,A) = P,(X; € A) makes the space Cp(I) invariant. X then induces a semigroup
on Cp(I): PyPu= Pssu, 0 <s,t, u € Cy(I). Define the infinitesimal generator of this
transition semigroup by

(7 Gu(x) = 1{1&)1 ;(P,u(x) —u(x)), x€l.

The domain of the operator G consists of those functions u € C, (1) for which the right
hand side converges for every x € I with the limit function in C (/).

In 1931, A.N. Kolmogorov showed that, under certain regularity conditions on
the transition function P;, Su admits an expression Zu of (1) with ¢ = 0 for smooth
functions u. The imposed regularity conditions included a local property of the tran-
sition function:

8) P(x,U(x)°)=o0(t), t|0, foranyux €I andforany neigborhood U(x) of x,
that is equivalent to the following local property of the generator G:
9) Ifu,v € 2(G) coincide in a neighborhood of x € I, then Gu(x) = Gv(x).

In [Feller 1936¢],! W. Feller had called a Markov process satisfying condition (8) a
continuous process and constructed, among other things, the fundamental solution of
the parabolic differential equation with (1) on its right-hand side. He allowed (1) to
contain a coefficient ¢ of arbitrary sign in order to solve Kolmogorov’s backward and
forward equations simultaneously.

Soon after moving to Princeton in 1950, Feller resumed his study of the one-di-
mensional diffusion taking a remarkable lead on the subject. In a series of papers
[Feller 1954a, Feller 1955a, Feller 1957a, Feller 1958], he successfully derived the
canonical form (2) with k = O of the infinitesimal generator G defined by (7) from its
local property (9) and its strong minimum property:

(10) If & in the domain of G has a local minimum at x € I, then Gu(x) > 0.

In view of the definition (7), the last property is obviously satisfied by § when X is,
for instance, conservative (P.1 = 1).

Thus Feller’s method of deriving the canonical form is purely analytic, and yet
Feller had clear picture of the sample paths of Markov processes behind his analytic
presentations. In [Feller 1954a], he defined a diffusion process to be a Markov pro-
cess satisfying the local property (8) as in [Feller 1936¢], but added a sentence

I'The references [Feller 19nn] and [*Feller 19nn] (the star indicating that the respective paper is not
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The functions X; are continuous with probability one if, and only if, the
process is of a local character.

by quoting a paper by D. Ray [13] that was not yet published at that time.
He also wrote in [Feller 1954b] that

[...] the continuity of X, is a topological property, whereas a contin-
uous change of scale may change differentiable functions into nondif-
ferentiable ones. It now appears possible to generalize the differen-
tial equation u,(t,x) = Zu(t,x) and to reformulate all the results of
[Feller 1952a] in a topological invariant form.

From 1955 to 1956, K. Itd stayed in Princeton as a research fellow where he
started his collaboration with H. McKean, a Ph.D. student of Feller. In his lecture at
Kyoto in 1985 recorded in a video film, Itd recollected the period as follows.

When I was in Princeton, Feller calculated repeatedly, for a one-dimen-
sional diffusion with a simple generator .#u = au” + b/, the quantities
like

s(x) =Py(oq > 0p), e(x)=IEfoaNop], x€(a,B)Cl,

as a harmonic function and a solution of a Poisson equation for .£. At
first, I wondered why he was repeating so simple computations as exer-
cise, not for objects in higher dimensions. However, in this way, he was
bringing out intrinsic topological invariants. I understood that the one-
dimensional diffusion is a topological concept but I was not as thorough-
going as Feller. When Feller told me about this, he said he once listened
to a lecture by Hilbert who mentioned: ‘Study a quite simple case very
much profoundly, then you will truly understand a general case’.

However, Feller was unable to attain by his analytic method the canonical form
(2) in that generality involving the killing measure k. A reason for this seems to be
the following. The true minimum property for the generator G of a Markov process X
allowing a possible finite life-time (Px({ < o) > 0) is

If u in the domain of G has a local minimum

11
(i atx € I and u(x) <0, then Gu(x) >0,

which is much weaker than (10). But Feller employed an even weaker principle called
a weak minimum property:

If u in the domain of G has a local minimum

12
(12) atx € I and u(x) = 0, then Su(x) >0,

contained in these Selecta) refer to Feller’s bibliography, while [n] points to the list of references at the end
of this essay.
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allowing not only killing but also creation of paths so that the corresponding measure
k, if it exists, could be a signed measure.

The canonical form (2) was eventually established by McKean [12] by a proba-
bilistic method using results due to Ray [13] and E. B. Dynkin [3] on a strong Markov
process (a Markov process satisfying the strong Markov property) with continuous
sample paths, which is nowadays adopted as a definition of a diffusion process. Here
the so called Dynkin formula expressing Su(x) in terms of exit times of X from neigh-
borhoods of x played a key role.

To be more precise, let I = (r,r2) and let us start with a minimal diffusion X° on
I. A Markov process X* = (X°, £% PY) on I is called a minimal diffusion if

(d.1) X" is a Hunt process on 1,
(d.2) XY is a diffusion process: X. is continuous in € (0, {®) almost surely,
d.3)  XYis irreducible: PY(0y, < o) > 0 for any x,y € I.

Denote the one-point compactification of I by I; = I1U{d}. X takes values in I;.
For B C I, we define

op=inf{r>0:X’€B}, inf0=c0, 15=0pp

We write op as 0, when B = {b} is a one-point set. {d} plays the role of cemetery
for X0: £ = o, X? = 9 for any t > {°. Condition (d.1) means that X is a strong
Markov process whose sample paths X are right continuous and have left limits on
[0,0), and are absorbed upon approaching {d}: lim, ... 7;, = {° whenever {J,} are
subintervals of I with J, C I, J, T I. X° is minimal in this sense. Under (d.1) and
(d.2), the condition (d.3) is equivalent to the requirement for each point a € I to be
regular in the sense that

Eyle” %] = Ey[e %% ] =1, fora >0,
where E,[e”*%=] = limy_,+, E,[e”*].

Let {RY%; o > 0} be the resolvent of a minimal diffusion X°:

Rt =2 | e ixthan .
Denote by %), (I) the space of all bounded Borel measurable functions in /. Then
Ro(#5(1)) € Cy(I)

due to the above regularity of each point of /. R0 is a one-to-one map from C,(I) into
itself because of the resolvent equation RY — ﬁ e C ﬁ)RO =0and

lim aRY f(x) = f(x), x€l, feCy(I).

of—r00

Thus, the generator G° of X is well defined by

a7 =BG
( )() () f(x) for u:R(&f’fGCh(I)7xEI;
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G0 5o defined is independent of & > 0. Let us call G0 the Cp-generator of X 0,

In [12, Chapter 4], it was proved that, for a given minimal diffusion XO, there
exist a canonical scale s, a speed measure m and a killing measure k such that, if we
define (A, Z(A)) by (2) and (6) using this triplet (s,m, k), then

(14) 2(8°) c 2(A) and Su=Au forany uc ("),

namely, G¥ is a restriction of A. In particular, u = Rg ffora>0, f€Cy(I), satisfies
an inhomogeneous equation

(15) (—A)u=f.

The triplet (s,m,k) is unique up to a multiplicative constant in the sense that, for
another such triplet (5,71, k), there exists a constant ¢ > 0 such that d5 = cds, dm =
¢ 'dm and dk = ¢ dk.
We call (s,m, k) satisfying (14) a triplet attached to the minimal diffusion X°.
The triplet (s,m, k) attached to the minimal diffusion X° was constructed in [12,
§4.4] probabilistically as follows: For rj < a < b < rp and J = (a,b), consider the
hitting probabilities and mean exit time

Pa(E) = PG, < ), poal) =PU0s < 0),  ew(&) =EY[m], &€,

and define

$(dS) = sap(d8) = pap(§) Pea(dE) = Pba(S)Pan(dE)
k(d&) uh(dg) Spuh(dg)/pab(g)
m(d§) =map(dS) = —{Dseap(dS) — €an(S )kap(dS)}, a <& <b.

For another choice of a, b with n<a<a<b< b< r2, we have
s2(dE) = csap(dE), kz(dE) = c kap(dE), mz(dE) = ' my(dE), a <& <b,

for a constant ¢ > 0 depending on a, b, a, b, so that a universal triplet (s,m,k) can
be introduced on I. Here, f(d§) denotes the measure induced by a function f(&) of
bounded variation.

In [4, Chap. 15,16], Dynkin gave similar but slightly different representations of
the infinitesimal generators of one-dimensional diffusions.

2 Classification of boundaries and lateral conditions

Let X = (X2, £% 1PY) be a minimal diffusion on an interval I = (ry,r;) with attached
triplet (s,m, k). Denote by I* an interval of the type [ry,r;] or [r,72) or (r1,r2], and
X = (X;,{,P,) be a Markov process on I* satisfying conditions (d.1), (d.3) with I* in
place of 1. We call X a Markovian extension of X°, if the subprocess of X being killed
upon hitting I*\ I is identical with X© in law. If X further satisfies condition (d.2), then

M. Fukushima — Selected Works of W. Feller, Volume 2 67



we call it a diffusion extension of X°. The boundary problem of the one-dimensional
diffusion that Feller first raised and partly solved in [Feller 1952a, Feller 1957a] can
be phrased as follows:

(16) Characterize and construct all possible Markovian extensions of X 0
in terms of (s,m, k) and other intrinsic quantities.

For any diffusion extension X of X 0 its Cp-generator G is well defined by (13)
with I* in place of 1. Just as G0 G can been seen to be a restriction of A and, therefore,
the problem is equivalent to finding a lateral condition ¥ imposed on the functions
u € Z(A) such that

(17) D(S) = D(A)NE.

Since the resolvent R, of X satisfies (15) along with Rg and the difference Ry — Rg is
a positive kernel, the problem can be also reduced to the study of behavior of positive
solutions u of the homogeneous equation

(18) (@ —A)u=0.

We write j =m+ k and define for ri <c <rp

Py :/:s(dx)/xcj(dy), w :/Cj(dx)/cs(dy), H<e<n.

r X

The left boundary r; of I is called

regular if A} <oo, U < oo,
exit if A} <oo, U =oo,
entrance if A =oo, ) < oo

natural if A} =eo, U] =oo.

An analogous classification of r; is in force. This classification goes back to the paper
[Feller 1952a], where Feller considered a very simple differential operator #u =
u” + by’ on I so that

(19) ds=eBdE, dj=dm=ePdE, dk=0,

for B(E) = [ b(n)dn. c€ 1.

In this special case, he made the classification in terms of (19) in accordance with
the boundary behavior of positive solutions of the homogeneous equation (18). It
was so nice and intrinsic that it was carried over straightforwardly into the case of
a general pair (s,m) by [Feller 1957a] and a general triplet (s,m, k) by Ito-McKean
[12] where the usage of the terms were somewhat modified, though.

The boundary problem of the one-dimensional diffusion was essentially settled
by It6—-McKean [11, 12].
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First of all, the generator G0 of the minimal diffusion X° can be characterized
simply as follows ([Feller 1952a], [5]):

20) 2(3°)={uc Z(A) : u(r,)=0 whenever r; is regular or exit, i =1,2}.

Next, suppose r; is regular and r, is natural. Then the most general diffusion
extension X of X? is an extension to [* = [r1,72) whose generator G is characterized
as follows ([12], [5]):

u € 2(§) if and only if

dDsu —udk
1) neGl), o= e,

(22) Dgu(ry) —u(r))k*(r1) = Gu(ry)m* (r1).

where Gu(r;) denotes the value of the function (dDsu — udk)/dm (which is in Cp,(1*))
at r;. Here, k*(r) and m*(r|) are non-negative constants indicating the killing and
sojourn at r; of the sample paths of X. Dsu(r;) indicates the reflection of paths at
r1. We may think that the killing measure k and the speed measure m are extended to
[r1,r2) by assigning the above point masses at r;. Boundary conditions analogous to
(20) and (22) can be also found in Dynkin [4, Chapters 15, 16].

Let X° be the standard absorbing Brownian motion on I = (0,0). In this case,
ds =dx,dm = 2dx, dk =0, Au= %u” and 9(A) = C/%(I), the boundary 0 is regular
and oo is natural. The most general Markovian extension X of X? is then an extension
to [0,e0) whose generator § is characterized as follows ([Feller 1952a], [11]):

u € 2(§) if and only if u € C?[0,0) and

e5) p1u(0) = patd (0) + psGu(0) = [ [u(t) ~u(0)|pa(ae),

where Gu(0) = %u” (0+). Here py, p2, p3 are non-negative constants and p4 is a mea-
sure on / with

4) pr+patpat [(EADpi(d) =1
and
(25) pa(l) = incase pp,=p3=0.

1t6 and McKean ([11, 12]) call X Feller’s Brownian motion.

The general boundary condition (23) with p4 being a finite measure on I ap-
peared already in [Feller 1952a], where Feller also mentioned that the reflection rate
p2 should vanish when r; is exit and r, is natural. The diffusion extension of X0
corresponding to the boundary condition (23) with p3 =0, p4 = 0 is called an elastic
barrier process, while a Markovian extension of X° corresponding p; = p, = p3 =0
with finite measure p4 is called an elementary return process. In [Feller 1954b], he
stated a plan to construct a general Markovian extension X of X° as a limit of a se-
quence of elementary return processes. Later, Itd recollected in his article [10]
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There was once an occasion when McKean tried to explain to Feller
my work on the stochastic differential equations along with the above
mentioned idea of tangent. It seemed to me that Feller did not fully
understand its significance, but when I explained Lévy’s local time to
Feller, he immediately appreciated its relevance to the study of the one-
dimensional diffusion. Indeed, Feller later gave us a conjecture that the
Brownian motion on [0,0) with an elastic boundary condition could be
constructed from the reflecting barrier Brownian motion by Kkilling it at
the time when its local time at the origin exceeds an independent expo-
nentially distributed random time, which was eventually substantiated in
my joint paper with McKean.

Thus the most general Markovian extension X on [0,0) of the absorbing Brow-
nian motion on / subjected to the boundary condition (23) was constructed in [11]
purely probabilistically starting with the reflecting Brownian motion X" on [0, ),
making a killing at 0 as described above, and making the sample paths to jump in /
from 0 according to the infinite measure p4 by using an increasing Lévy process.

Furthermore, a similar construction was carried out in [11, §17] for the Brownian
motion on R with two sided barriers at 0. Let X° be the standard absorbing Brownian
motion on R\ {0}. Then the most general Markovian extension X of X° to R ought
to have the generator G characterized as follows:

u € 2(§) if and only if

u€Cy(R\{0}), u"(0-)=u"(0+)

and

Q6) puu(0) +poaa(0) = oo (0)+ 9ul0) = [ [utt) —a(O)]pa(a),
where u~(0) (resp. u™(0)) denotes the left (resp. right) derivative at 0, and Gu(0+) =
7u" (0+). Here pi, p12, p3 are non-negative constants and py is a measure on R \ {0}
subject to

@7 P1+P—2+P+z+p3+/ (1| A1) pa(dl) =1
R\{0}

and

(28) p4(R\ {0}) =oco in case P2 =p3 = 0.

Thus, what is nowadays called a skew Brownian motion was studied already in [11]
by allowing a killing and a sojourn at 0 as well as a jump into  from 0.

Actually, a boundary condition with two-sided barriers, similar to (26), had ap-
peared in [Feller 1957a, (12.6a), (12.6b)] in order to describe analytically all possible
Markovian extensions of an absorbing Brownian motion on a finite interval (f;, 32)
on the circle S that is obtained by identifying 3; and f3,. The corresponding Markov
process on $ was also constructed in [11, §17] by projecting a periodic process on R
onto 3.
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3 Some later developments and Feller measures

Along with his study of the boundary problem of the one-dimensional diffusion,
Feller wrote an influential paper [Feller 1957d] in which a boundary problem for a
minimal (time continuous) Markov process X on a discrete countable state space E
was formulated in an analogous manner to (16). In particular, he introduced what is
called a Feller measure U (intuitively speaking, measuring the excursion rate from an
entrance boundary point to an exit boundary point) as well as a supplementary Feller
measure T (measuring the excursion rate from an entrance boundary point never re-
turning back to exit boundary points in finite time) as global intrinsic quantities for
XY and indicated their possible roles in the study of the boundary problem for a gen-
eral Markov process. Here the terms entrance and exit are used in a similar sense to
[t6—McKean [12] but differently from Feller’s sense mentioned in §2.

The study of the one-dimensional diffusion initiated by [Feller 1952a] was almost
finalized until the middle of 1960’s. In what follows, I briefly mention some of closely
related developments of general features after 1970. Particularly, we will find that the
supplementary Feller measure plays important roles even in the study of the one-
dimensional diffusion.

3.1 Excursion point processes

Let X (resp. X" = (X/,1P")) be the absorbing (resp. reflecting) Brownian motion on
(0,00) (resp. [0,00)). The transition function of X° is denoted by {P?, t > 0}. A
o-finite measure {v;, t > 0} is called an X°-entrance law if viP? = v.;, s,t > 0.

Let {4, t > 0} be the local time of X" at the origin 0 normalized in a way that its
Revuz measure relative to the (symmetrizing) speed measure dm = 2dx is the Dirac
mass at 0. Then its inverse S; is a subordinator and, by associating with each of its
jumping times an excursion of X" around 0, we can get an excursion-valued point
process (p, IP). According to the general theory due to It6 [9], p is a Poisson point
process whose characteristic measure n called the excursion law is a c-finite measure
on the excursion path space

W= {w: [0,8(w)) — (0,00) continuous,
0<g(w), w(0+) =0, w(f-) € {0}u{w}},
determined by
/Wfl(W(fl))fz(W(fz))"'fn(W(tn))n(dW)

=, fiP)_ fo B

n—

(29)
17t,,,2fn—1P[(37t)171fn, 0 < tl < [2 < K t,“

for some X°-entrance law {y;, t > 0}.
In this case y, is known to be

1

2
My (dx) = W}ce /(21) m(dx)

(30)
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so that g, (dx)/m(dx) is the density of the approaching time distribution of X° to 0
starting at x € (0,0). Therefore the excursion law 7 is intrinsically determined by the
absorbing Brownian motion X°, and we can recover from X the reflecting Brownian
motion X" starting at O by piecing together the excursions around 0 using the Poisson
point process p with characteristic measure n. More than that, we can construct from
XY Feller’s Brownian motion subjected to the boundary condition (23) at once by
modifying the excursion law n in a way to allow jumps to the cemetery with rate
p1/p2 and to df C (0,00) with rate p4(df)/p>.

Actually, when X? is a minimal diffusion on (0,0) with 0 being an exit boundary,
Ito [8] constructed and characterized all jump in extensions of X in this way. In this
case, no continuous entry from 0 is possible and such extensions of X° with finite
jump in measures was analytically described in [Feller 1952a] already. A typical
example of such a minimal diffusion on (0,0) is the celebrated Feller’s branching
diffusion corresponding to Zu(x) = Bxu’ (x), ds = dx, dm = dx/(Bx), x > 0, as is
presented in Section 3.1 of the essay by Ellen Baake and Anton Wakolbinger in these
Selecta.

Next, we consider a general minimal diffusion X° = (X, % 1PY) on (0,c0) with
attached triplet (s, m, k) for which 0 is a regular boundary and also a unique diffusion
extension X = (X/,P") of X° to [0,0) with no killing nor sojourn at 0. Define the
approaching probability of X° to 0 in finite time by ¢@(x) = PY({? < oo, Xgo, =0),
x € (0,00). When X? is the absorbing Brownian motion, ¢ = 1 and the entrance law
(30) trivially satisfies the equation

(€20 / Medt = @ -m,
0

but @ # 1 in general. Nevertheless, there exists a unique X%-entrance law {u;, ¢ >
0} satisfying (31) due to a general theorem by P.J. Fitzsimmons ([6]). It has been
known (see [2, §7.5] and references therein) that the excursion point process (p, ()
produced by the local time of X" at 0 is a certain Poisson point process p being
stopped at an independent exponentially distributed random time with rate L°(¢, 1 —
©) which is the weight of the supplementary Feller measure for the one-point set {0}
intrinsically determined by X° that will be explained in the next subsection. Further
the characteristic measure n of p is determined by (29) and (31). Thus, we can recover
X" from X? intrinsically just in the same way as above.

3.2 Symmetric Markov processes

Let X be a minimal diffusion on an interval I = (r1,r,) with attached triplet (s, m, k).
The boundary r, is called approachable if |s(r;)| < oo, i = 1,2. As is shown in [5], X°
is m-symmetric in the sense that its transition function {F;, r > 0} satisfies

(32) /1sz~gdm=/lg~Prfdm, t>0, f.g€ By ().

Furthermore, the Dirichlet form (£°,.%°) of X° on L?(I;m) can be described in terms
of the triplet as follows:

(33) F0 = Z LA Im),  E%uv) = & (u,v),
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where
(34 FH1) = {u : du is absolutely continuous w.r.t. ds and éal‘v’k(u, u) < oo} ,
(35) & uv) = /Du )Dsv(x) ds(x —|—/ x) dk(x),

(36) ﬁo’ = {u € ZK(I) : u(r;) = 0 whenever r; is approachable} .

For a general topological measure space (E,m), the notion of a Dirichlet form
(&,.7) on the space L?(E;m) was introduced by A. Beurling and J. Deny [1]. M. L.
Silverstein, one of the last Ph.D. students of Feller, then introduced the associated
fundamental notions of an extended Dirichlet space and reflected Dirichlet space as
well in [14]. The significance of the extended Dirichlet space (%,, &) of (£,.%) isin
that it is an invariant under time changes. It always holds that

(37 F = F.NLHE;m).

If an m-symmetric Hunt process X associated with a regular Dirichlet form (&,.%)
on L2(E;m) is changed into X by a time substitution with respect to its positive con-
tinuous additive functional (PCAF) whose Revuz measure m is of full quasi-support,
then X becomes m-symmetric while its extended Dirichlet space is unchanged so that
we only need to replace m by i in (37) to obtain the Dirichlet form of X on L?(E;m)
(cf. [2, Chapter 5]). In the special case of the above minimal diffusion X 0 the ex-
tended Dirichlet space of (£°,.%°) equals (%, *, éals’k) that depends only on s and
k. Concurring with a famous saying of Feller, we may say that

the symmetric Hunt process X travels according to a road map indicated
by the Beurling-Deny formula for the extended Dirichlet space (%, &)
and with speed indicated by the symmetrizing measure m.

When the quasi-support F' of the Revuz measure m of a time changing PCAF of
X is a proper subset of E, things are not that simple. The time- changed process X
on F is then m-symmetric, and the extended Dirichlet space (J o & ) of the Dirichlet
form of X on L2(F ;) is also changed from the original one (F, & ) according to the
following rule ([2, Chapter 5]): .Z, is the restriction of .Z, to F and & (u,v), u,v € Ze,
is the sum of the due restriction of & (u,v), u,v € .%#,, to F and the integral form

O (u(é)—M(n))(V(é)—V(n))U(dédn)+/Fu(5)V(§)V(d<§)-

2 JExF\A

Here U is a measure on F x F off the diagonal A C F X F, and V is a measure
on F specified by (39) below. Let X = (X?,£° 1PY) be the subprocess of X on
Ey = E \ F obtained by killing upon the hitting time or of F. Define Hr f(x) =
Eg[f(Xgoi); {0 < o], x € Ey, for f € . (F). Denote by LO(f,g) the energy func-

tional of a purely excessive function f and an excessive function g relative to X° (cf.
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[6], [2, §5.4]). Then, for f,g € #.(F) with fg =0,
[ £ &)y agdn) = (e . Hr)
| 1EV (&) =L f 1~ Hr 1)

We call U and V the Feller measure and the supplementary Feller measure, respec-
tively, because they are analogous to the quantities U, 7 introduced by [Feller 1957d].

Let us consider the case where X is a minimal diffusion on R with attched triplet
(s,m,k), F = [0,c0) and m is a positive Radon measure on R with support F. For
simplicity, we assume that co is non-approachable: s(co) = co. The PCAF of X with
Revuz measure 7 is then given by A; = [ ¢;(x)m(dx) where ¢, (x) is the local time of
X with Revuz measure &, relative to m. The subprocess X of X on Ey = (—e0,0) is
the minimal diffusion on E( with attached triplet consisting of the restrictions to Ey
of s,m and k. Then the measure Hr (x,-), x € Ey, is concentrated on the one-point set
{0} so that the Feller measure U vanishes and the supplementary Feller measure V
has the expression

(40) V=L9,1-0)b,
where L is the energy functional for X° and ¢ (x) = PY({? < oo, Xgo, =0), x € Ey.
The time-changed process X of X by means of A is therefore an m-symmetric

(39)

diffusion on [0, ) whose extended Dirichlet space (%,, &) is given by
(41) Fe=FH(0.)),

(42) & (uv) = Eg'e, (w,v) +L°(9,1 - 9)u(0)v(0).
Using a similar method as in [5], we can also deduce from this the following charac-
terization of the Cp-generator G of X:

u € 2(9) if and only if

dDsu —udk
——————— € Cp(]0,00
dm € b([? ))7

(44) Dyu(0) — u(0) [k({0}) +L°(9, 1 - 9)] = Gu(0)m({0}).

It6—McKean [12, §5.3] obtained the above charcterization in the special case that
X is a standard Brownian motion on R. In this case, k = 0 and also L°(¢,1 — @) =
0 because @(x) =1 for x < 0. But, if |s(—o0)| < o0 and m(—eo,c) = oo for ¢ < 0,
then @(x) < 1 for x < 0, and accordingly L°(¢,1 — ¢) does not vanish. For the
higher dimensional Brownian motion, the jump term with the Feller measure U really
appears in the Dirichlet form under a time change by a PCAF of non-full support (cf.
[2, §5.8]).

(43) u € Cp([0,00)),

References

All citations of the form [Feller 19nn], resp., [*Feller 19nn] (if the respective paper
is not included in these Selecta) point to Feller’s bibliography, pp. XXv—Xxxiv.

74 One-Dimensional Diffusion Theory



(1]

(2]

(10]

(11]

[12]

[13]

[14]

Beurling, A. and Deny, J.: Dirichlet spaces. Proc. Nat. Acad. Sci. USA 45 (1959)
208-215.

Chen, Z.-Q. and Fukushima, M.: Symmetric Markov Processes, Time Changes
and Boundary Theory. Princeton University Press, London Math. Soc. Mono-
graphs Series 35, Princeton (NJ) 2012.

Dynkin, E.B.: Infinitesimal operators of Markov stochastic processes. Dokl.
Akad. Nauk SSSR 105 (1955) 206-209.

Dynkin, E. B.: Markov Processes I, I1. Springer, Grundlehren math. Wiss. 121,
122, Berlin 1965.

Fukushima, M.: On general boundary conditions for one-dimensional diffusions
with symmetry. J. Math. Soc. Japan 66 (2014) 289-316.

Getoor, R. K.: Excessive measures. Birkhduser, Boston 1990.

1td, K.: Essentials of Stochastic Processes. American Mathematical Society,
Transl. Math. Monogr. 231, Providence (RI) 2006. (Originally published in
Japanese, Iwanami Shoten, 1957.)

1t6, K.: Poisson point processes and their application to Markov processes. Lec-
ture Notes of the Mathematics Department, Kyoto University, Kyoto September
1969. (unpublished) Electronic version available from the official web site of
Mathematical Society of Japan for the “Centennial Anniversary of the Birth of
Kiyosi It6”: mathsoc.jp/publication/ltoArchive/index.html

1t6, K.: Poisson point processes attached to Markov processes. In: Le Cam,
L., Neyman, J. and Scott, E. L. (eds.): Proceedings of the Sixth Berkeley Sympo-
sium on Mathematical Statistics and Probability, Vol. 3, University of California
Press, Berkeley (CA) 1970, pp. 225-239.

It6, K.: Memoirs of my research on stochastic analysis. In: Benth, F. E. et
al. (eds.): Stochastic Analysis and Applications, The Abel Symposium 2005.
Springer, Berlin 2007, pp. 153-196.

1t6, K. and McKean Jr., H. P.: Brownian motions on a half line. Illinois J. Math.
7 (1963) 181-231.

1t6, K. and McKean, Jr., H. P.: Diffusion Processes and Their Sample Paths.
Springer, Grundlehren math. Wiss. 125 1965. (Reprinted in: Classics in Mathe-
matics, Springer 1996.)

Ray, D.: Stationary Markov processes with continuous paths. Trans. Am. Math.
Soc. 82 (1956) 452-493.

Silverstein, M. L.: Symmetric Markov Processes. Springer, Lecture Notes in
Math. 516, Berlin 1974.

M. Fukushima — Selected Works of W. Feller, Volume 2 75



Prof. Masatoshi Fukushima
Professor Emeritus

Osaka University

Department of Mathematical Science
Faculty of Engineering Science
Toyonaka, Osaka 560-8531, Japan
fuku2@mx5.canvas.ne.jp

76 One-Dimensional Diffusion Theory



Bibliography of William Feller

A star “*” indicates that the respective entry is not contained in these Selecta.

[*Feller 1926] Uber algebraisch rektifizierbare transzendente Kurven [On alge-
braically rectifiable transcendental curves]. PhD-Thesis Universitdt Gottin-
gen, June 1926. Advisor: Richard Courant. Also published as [Feller 1928].

[Feller 1928] Uber algebraisch rektifizierbare transzendente Kurven [On alge-
braically rectifiable transcendental curves]. Mathematische Zeitschrift 27
(1928) 481-495.

[*Feller 1929] Uber die Losungen der linearen partiellen Differentialgleichungen
zweiter Ordnung vom elliptischen Typus [On the solutions of second-order
linear partial differential equations of elliptic type]. Habilitationsschrift Uni-
versitit Kiel, February 1929. Also published as [Feller 1930].

[Feller 1930] Uber die Losungen der linearen partiellen Differentialgleichungen
zweiter Ordnung vom elliptischen Typus [On the solutions of second-order
linear partial differential equations of elliptic type]. Mathematische Annalen
102 (1930) 633-649.

[*Feller 1931] (with Erhard Tornier) Mengentheoretische Untersuchung von Eigen-
schaften der Zahlenreihe [Set-theoretic investigation of some properties of
the natural numbers]. Zentralblatt 1 (1931) 257-259.

[*Feller 1932a] (with Erhard Tornier) Maf3- und Inhaltstheorie des Baireschen Null-
raumes [Measure and integration theory of Baire’s null space]. Mathemati-
sche Annalen 107 (1932) 165-187.

[*Feller 1932b] (with Erhard Tornier) Mengentheoretische Untersuchung von Eigen-
schaften der Zahlenreihe [Set-theoretic investigation of some properties of
the natural numbers]. Mathematische Annalen 107 (1932) 188-232.

[*Feller 1932c] Allgemeine MaBtheorie und Lebesguesche Integration [General
measure theory and Lebesgue integration]. Sitzungsberichte der Preuf3i-
schen Akademie der Wissenschaften, Physikalisch—-Mathematische Klasse 27
(1932) 459-472.

XXV



[Feller 1934a] (with Herbert Busemann) Zur Differentiation der Lebesgueschen In-
tegrale [On the differentiation of Lebesgue’s integrals]. Fundamenta Mathe-
maticae 22 (1934) 226-256.

[*Feller 1934b] Bemerkungen zur Malitheorie in abstrakten Riumen [Remarks on
measure theory in abstract spaces]. Bulletin international de 1’académie
Yougoslave des sciences et des beaux-arts, Zagreb. Classe des sciences
mathématiques et naturelles 28 (1934) 30-45. Croatian original publication:
Dr. Vilim (W.) Feller: Prilog teoriji mjera u apstraktnim prostorima. RAD
249 (1934) 204-224.

[*Feller 1935a] (with Herbert Busemann) Bemerkungen zur Differentialgeometrie
der konvexen Fliachen. I. Kiirzeste Linien auf differenzierbaren Fldchen [Re-
marks on the differential geometry of convex surfaces. I. Shortest lines on
differentiable surfaces]. Matematisk Tidsskrift B (1935) 25-36.

[*Feller 1935b] (with Herbert Busemann) Bemerkungen zur Differentialgeometrie
der konvexen Flichen. II. Uber die Kriimmungsindikatrizen [Remarks on
the differential geometry of convex surfaces. II. On curvature indicatrices].
Matematisk Tidsskrift B (1935) 87-115.

[Feller 1935¢] Uber den zentralen Grenzwertsatz der Wabhrscheinlichkeitsrechnung
[On the central limit theorem of probability theory]. Mathematische
Zeitschrift 40 (1935/36) 521-559. This paper has been translated for the
present Selecta.

[*Feller 1936a] (with Herbert Busemann) Bemerkungen zur Differentialgeometrie
der konvexen Flichen. III. Uber die Gauss’sche Kriimmung [Remarks on the
differential geometry of convex surfaces. III. On Gauss’ curvature]. Matem-
atisk Tidsskrift B (1936) 41-70.

[Feller 1936b] (with Herbert Busemann) Kriimmungseigenschaften konvexer
Flachen [Curvature properties of convex surfaces]. Acta Mathematica 66
(1936) 1-47.

[Feller 1936¢] Zur Theorie der stochastischen Prozesse. (Existenz- und FEin-
deutigkeitssitze) [On the theory of stochastic processes. (Existence- and
uniqueness theorems)]. Mathematische Annalen 113 (1936) 113-160. This
paper has been translated for the present Selecta.

[Feller 1937a] Uber den zentralen Grenzwertsatz der Wahrscheinlichkeitsrech-
nung. II [On the central limit theorem of probability theory. II]. Mathemati-
sche Zeitschrift 42 (1937) 301-312.
Erratum: Mathematische Zeitschrift 44 (1939) 794. This paper has been
translated for the present Selecta.

[Feller 1937b] Uber das Gesetz der grofen Zahlen [On the law of large num-
bers]. Acta Litterarum ac Scientiarum. Regiae Universitatis Hungaricae

XXVi Bibliography of William Feller



Francisco-Josephinae. Sectio Scientiarum Mathematicarum. (Acta. Sci. Litt.
Szeged) 8 (1937) 191-201. This paper has been translated for the present
Selecta.

[*Feller 1937c] Uber die Theorie der stochastischen Prozesse [On the theory of
stochastic processes]. In: Comptes Rendus du Congres International des
Mathématiciens. Oslo 1936. Vol. 2. A. W. Brgggers Boktrykkeri A/S, Oslo
1937, pp. 194-196.

[*Feller 1938a] Sur les axiomatiques du calcul des probabilités et leurs relations avec
les expériences [On the axioms of probability theory and their relations with
the experience]. In: P. Cantelli, M. Fréchet, R. von Mises, 1. F. Steffensen
and A. Wald (eds.): Conférences internationales de sciences mathématiques.
Collogque consacré a la théorie des probabilités. II: Les fondements du calcul
des probabilités. Actualités scientifiques et industrielles 735. Hermann &
Cie., Paris 1938, pp. 7-21.

[*Feller 1938b] Note on regions similar to the sample space. Statistical Research
Memoirs, University College London 2 (1938), 117-125.

[*Feller 1938c] (with J. Runnstrom and E. Sperber) Die Aufnahme von Glucose
durch Bickerhefe unter aeroben und anaeroben Bedingungen [On the ab-
sorption of glucose by baker’s yeast under aerobic and anaerobic condi-
tions]. Naturwissenschaften 26 (1938) 547-548.

[Feller 1939a] Die Grundlagen der Volterraschen Theorie des Kampfes ums Da-
sein in wahrscheinlichkeitstheoretischer Behandlung [The foundations of
Volterra’s theory on the struggle for life in a probabilistic treatment]. Acta
Biotheoretica, Leiden 5 (1939) 11-39. This paper has been translated for
the present Selecta.

[Feller 1939b] Completely monotone functions and sequences. Duke Mathematical
Journal 5 (1939) 661-674.

[Feller 1939¢] Uber die Existenz von sogenannten Kollektiven [On the existence of
so-called Kollektivs] Fundamenta Mathematicae 32 (1939) 87-96. This pa-
per has been translated for the present Selecta.

[Feller 1939d] Neuer Beweis fiir die Kolmogoroff—P. Lévysche Charakterisierung
der unbeschrinkt teilbaren Verteilungsfunktionen [A new proof of Kol-
mogoroff’s and P. Levy’s characterization of infinitely divisible distribution
functions]. Bulletin international de I’académie Yougoslave des sciences et
des beaux-arts, Zagreb. Classe des sciences mathématiques et naturelles
32 (1939) 106-113. Croatian original publication: Vilim (W.) Feller: O
Kolmogoroff-P. Lévyjevu predocivanju beskonacno djeljivih funkcija repar-
ticije. RAD 263 (1939) 95-112.

[*Feller 1940a] On the logistic law of growth and its empirical verifications in biol-
ogy. Acta Biotheoretica, Leiden 5 (1940) 51-65.

Selected Works of W. Feller, Volume 2 XXVii



[*Feller 1940b] On the time distribution of so-called random events. Physical Re-
views, II. Series 57 (1940) 906-908.

[Feller 1940c] On the integro-differential equations of purely discontinuous Markoff
processes. Transactions of the American Mathematical Society 48 (1940)
488-515.

[*Feller 1940d] Statistical aspects of ESP. Journal of Parapsychology 4 (1940) 271-
298.

[Feller 1941a] On the integral equation of renewal theory. Annals of Mathematical
Statistics 12 (1941) 243-267.

[*Feller 1941b] (with Jacob David Tamarkin) Partial Differential Equations. Brown
University Summer Session for Advanced Instructions & Research in Me-
chanics. 6/23- 9/13 1941, Providence (RI) 1941.

Chapters 1-3 by J. D. Tamarkin, Chapters 4—7 by William Feller.
Reprinted by the Lewis Flight Propulsion Laboratory, National Committee
for Aeronautics, Cleveland 1956.

[Feller 1942] Some geometric inequalities. Duke Mathematical Journal 9 (1942)
885-892.

[*Feller 1943a] On A. C. Aitken’s method of interpolation. Quarterly of Applied
Mathematics 1 (1943) 86-87.

[Feller 1943b] Generalization of a probability limit theorem of Cramér. Transactions
of the American Mathematical Society 54 (1943) 361-372.

[Feller 1943c] The general form of the so-called law of the iterated logarithm. Trans-
actions of the American Mathematical Society 54 (1943) 373-402.

[Feller 1943d] On a general class of “contagious” distributions. Annals of Mathemat-
ical Statistics 14 (1943) 389—400.

[Feller 1945a] On the normal approximation to the binomial distribution. Annals of
Mathematical Statistics 16 (1945) 319-329.

[Feller 1945b] The fundamental limit theorems in probability. Bulletin of the Ameri-
can Mathematical Society 51 (1945) 800-832.

[Feller 1945c] (with Herbert Busemann) Regularity properties of a certain class of
surfaces. Bulletin of the American Mathematical Society 51 (1945) 583-598.

[Feller 1945d] Note on the law of large numbers and “fair” games. Annals of Math-
ematical Statistics 16 (1945) 301-304.

[Feller 1946a] A limit theorem for random variables with infinite moments. Ameri-
can Journal of Mathematics 68 (1946) 257-262.

XXViii Bibliography of William Feller



[Feller 1946b] The law of the iterated logarithm for identically distributed random
variables. Annals of Mathematics 47 (1946) 631-638.

[Feller 1948a] On the Kolmogorov—Smirnov limit theorems for empirical distribu-
tions. Annals of Mathematical Statistics 19 (1948) 177-189.
Erratum: Annals of Mathematical Statistics 21 (1950) 301—302.

[*Feller 1948b] Spanish Translation of the paper [Feller 1945b] Revista Matemdtica
Hispano-Americana, IV. Seria 8 (1948) 95-132.

[Feller 1948c] On probability problems in the theory of counters. In: Studies, Es-
says, Presented to R. Courant (Courant Anniversary Volume). Interscience
Publishers, New York 1948, pp. 105-115.

[Feller 1949a] (with Paul Erdés and Harry Pollard) A property of power series
with positive coefficients. Bulletin of the American Mathematical Society
55 (1949) 201-204.

[Feller 1949b] (with Kai Lai Chung) On fluctuations in coin-tossing. Proceedings of
the National Academy of Sciences, USA 35 (1949) 605-608.

[Feller 1949¢c] On the theory of stochastic processes, with particular reference to ap-
plications. In: J. Neyman (ed.): Proceedings of the (First) Berkeley Sym-
posium on Mathematical Statistics and Probability 1945/46. University of
California Press, Berkeley, Los Angeles 1949, pp. 403-432.

[Feller 1949d] Fluctuation theory of recurrent events. Transactions of the American
Mathematical Society 67 (1949) 98-119.

[*Feller 1950] An Introduction to Probability Theory and Its Applications. John Wi-
ley & Sons, New York 1950.

[Feller 1951a] The asymptotic distribution of the range of sums of independent ran-
dom variables. Annals of Mathematical Statistics 22 (1951) 427-432.

[*Feller 1951b] (with George E. Forsythe) New matrix transformations for obtaining
characteristic vectors. Quarterly of Applied Mathematics 8 (1951) 325-331.

[*Feller 1951c] The problem of n liars and Markov chains. American Mathematical
Monthly 58 (1951) 606-608.

[Feller 1951d] Diffusion processes in genetics. In: J. Neyman (ed.): Proceedings of
the Second Berkeley Symposium on Mathematical Statistics and Probability
1950. University of California Press, Berkeley, Los Angeles (CA) 1951, pp.
227-246.

[Feller 1951e] Two singular diffusion problems. Annals of Mathematics 54 (1951)
173-182.

[Feller 1952a] The parabolic differential equations and the associated semigroups of
transformation. Annals of Mathematics 55 (1952) 468-519.

Selected Works of W. Feller, Volume 2 XXiX



[Feller 1952b] On a generalization of Marcel Riesz’ potentials and the semigroups
generated by them. In: Meddelanden fran Lunds Universitets Matematiska
Seminarium. Supplement M. Riesz, Uppsala 1952, pp. 73-81.

[Feller 1952c] Some recent trends in the mathematical theory of diffusion. In: Pro-
ceedings of the International Congress of Mathematicians, Cambridge (MA)
1950. Vol. 2. American Mathematical Society, Providence (RI) 1952, pp.
322-339.

[*Feller 1952d] (with George E. Forsythe) New matrix transformations for obtain-
ing characteristic vectors. In: Proceedings of the International Congress of
Mathematicians, Cambridge (MA) 1950. Vol. 1. American Mathematical So-
ciety, Providence (RI) 1952, p. 661.

[Feller 1952¢e] On positivity preserving semigroups of transformations on C[ry,r3].
Annales de la Société Polonaise de Mathématique 25 (1952) 85-94.

[Feller 1953a] Semigroups of transformations in general weak topologies. Annals of
Mathematics 57 (1953) 287-308.

[Feller 1953b] On the generation of unbounded semigroups of bounded linear oper-
ators. Annals of Mathematics 58 (1953) 166-174.

[Feller 1954a] The general diffusion operator and positivity preserving semigroups
in one dimension. Annals of Mathematics 60 (1954) 417-436.

[Feller 1954b] Diffusion processes in one dimension. Transactions of the American
Mathematical Society 77 (1954) 1-31.

[Feller 1955a] On second order differential operators. Annals of Mathematics 61
(1955) 90-105.

[Feller 1955b] On differential operators and boundary conditions. Communications
on Pure and Applied Mathematics 8 (1955) 203-216.

[Feller 1956a] Boundaries induced by non-negative matrices. Transactions of the
American Mathematical Society 83 (1956) 19-54.

[Feller 1956b] (with Henry P. McKean Jr.) A diffusion equivalent to a countable
Markov chain. Proceedings of the National Academy of Sciences, USA 42
(1956) 351-354.

[Feller 1956c¢] (with Joanne Elliott) Stochastic processes connected with harmonic
functions. Transactions of the American Mathematical Society 82 (1956)
392-420.

[*Feller 1956d] On generalized Sturm—Liouville operators. In: J. B. Diaz and
L. E. Payne (eds.): Proceedings of the Conference on Differential Equations
(Dedicated to A. Weinstein), University of Maryland Book Store, College
Park (MD) 1956, pp. 251-270.

XXX Bibliography of William Feller



[Feller 1957a] Generalized second order differential operators and their lateral con-
ditions. Illinois Journal of Mathematics 1 (1957) 459-504.

[*Feller 1957b] The numbers of zeros and of changes of sign in a symmetric random
walk. L’Enseignement Mathématique, Ile. Série 3 (1957) 229-235.

[*Feller 1957c] Sur une forme intrinseque pour les opérateurs différentiels du second
ordre [On an intrinsic form of second-order differential operators]. Publica-
tions de I’ Institut de Statistique de I’ Université de Paris. Université de Paris
VI, Institut de Statistique, Paris 6 (1957) 291-301.

[Feller 1957d] On boundaries and lateral conditions for the Kolmogorov differential
equations. Annals of Mathematics 65 (1957) 527-570.
Additional notes: Annals of Mathematics 68 (1958) 735-736.

[Feller 1957¢e] On boundaries defined by stochastic matrices. In: Proceedings of
Symposia in Applied Mathematics. Vol. 7. McGraw-Hill Book Co., New
York (for the American Mathematical Society, Providence (RI)) 1957, 35—
40.

[*Feller 1957f] An Introduction to Probability Theory and Its Applications. Vol. 1.
2nd edn. of [*Feller 1950]. John Wiley & Sons, New York 1957.

[Feller 1958] On the intrinsic form for second order differential operators. Illinois
Journal of Mathematics 2 (1958) 1-18.

[*Feller 1959a] On combinatorial methods in fluctuation theory. In: U. Grenander
(ed.): The Harald Cramér Volume. Almqvist & Wiksell, Stockholm; John
Wiley & Sons, New York 1959, pp. 75-91.

[Feller 1959b] The birth and death processes as diffusion processes. Journal de
Mathématiques Pures et Appliquées, IX. série 38 (1959) 301-345.

[Feller 1959c] Non-Markovian processes with the semigroup property. Annals of
Mathematical Statistics 30 (1959) 1252—-1253.

[Feller 1959d] Differential operators with the positive maximum property. /llinois
Journal of Mathematics 3 (1959) 182—186.

[*Feller 1959¢e] On the equation of the vibrating string. Journal of Mathematics and
Mechanics 8 (1959) 339-348.

[Feller 1960] Some new connections between probability and classical analysis. Pro-
ceedings of the International Congress of Mathematicians, Edinburgh 1958.
Cambridge University Press, Cambridge 1960, pp. 69—-86.

[Feller 1961a] (with Steven Orey) A renewal theorem. Journal of Mathematics and
Mechanics 10 (1961) 619-624.

[Feller 1961b] A simple proof for renewal theorems. Communications on Pure and
Applied Mathematics 14 (1961) 285-293.

Selected Works of W. Feller, Volume 2 XXXi



[*Feller 1961c] Chance processes and fluctuations. In: E. F. Beckenbach and
M. R. Hestenes (eds.): Modern Mathematics for the Engineer: Second Se-
ries. University of California Engineering Extension Series. Mc Graw-Hill,
New York 1961, pp. 167-181.

[Feller 1963] On the classical Tauberian theorems. Archiv der Mathematik 14 (1963)
317-322.

[Feller 1964] On semi-Markov processes. Proceedings of the National Academy of
Sciences, USA 51 (1964) 653-659.

[Feller 1966a] On the Fourier representation for Markov chains and the strong ratio
theorem. Journal of Mathematics and Mechanics 15 (1966) 273-283.

[Feller 1966b] On the influence of natural selection on population size. Proceedings
of the National Academy of Sciences, USA 55 (1966) 733-738.

[Feller 1966¢] Infinitely divisible distributions and Bessel functions associated with
random walks. SIAM Journal of Applied Mathematics 14 (1966) 864—875.

[*Feller 1966d] An Introduction to Probability Theory and Its Applications. Vol. 2.
John Wiley & Sons, New York 1966.

[Feller 1967a] On regular variation and local limit theorems. In: J. Neyman and
L. LeCam (eds.): Proceedings of the Fifth Berkeley Symposium on Math-
ematical Statistics and Probability 1965/66, Vol. 2, Pt. 1, University of Cal-
ifornia Press, Berkeley, Los Angeles (Ca) 1967, pp. 373-388.

[*Feller 1967b] A direct proof of Stirling’s formula. American Mathematical
Monthly 74 (1967) 1223-1225.
Erratum: American Mathematical Monthly 75 (1968) 518.

[Feller 1967¢] On fitness and the cost of natural selection. Genetics Research 9
(1967) 1-15.

[*Feller 1968a] On Miintz’ theorem and completely monotone functions. American
Mathematical Monthly 75 (1968) 342-350.

[Feller 1968b] On the Berry-Esseen theorem. Zeitschrift fiir Wahrscheinlichkeits-
theorie und verwandte Gebiete 10 (1968) 261-268.

[*Feller 1968c] On probabilities of large deviations. Proceedings of the National
Academy of Sciences, USA 61 (1968) 1224-1227.

[Feller 1968d] An extension of the law of the iterated logarithm to variables without
variance. Journal of Mathematics and Mechanics 18 (1968) 343-355.

[*Feller 1968e] An Introduction to Probability Theory and Its Applications. Vol. 1.
3rd edn. of [*Feller 1950], [*Feller 1957f]. John Wiley & Sons, New York
1968.

XXXii Bibliography of William Feller



[*Feller 1969a] A geometrical analysis of fitness in triply allelic systems. Mathemat-
ical Biosciences 5 (1969) 19-38.

[Feller 1969b] One-sided  analogues of Karamata’s regular  variation.
L’Enseignement Mathématique, Ile. Série 15 (1969) 107-121.

[Feller 1969c] Limit theorems for probabilities of large deviations. Zeitschrift fiir
Wahrscheinlichkeitstheorie und verwandte Gebiete 14 (1969) 1-20.

[Feller 1969d] General analogues to the law of the iterated logarithm. Zeitschrift fiir
Wahrscheinlichkeitstheorie und verwandte Gebiete 14 (1969) 21-26.

[*Feller 1969¢] On the fluctuations of sums of independent random variables. Pro-
ceedings of the National Academy of Sciences, USA 63 (1969) 637-639.

[*Feller 1969f] Are life scientists overawed by Statistics? (Too much faith in statis-
tics). Scientific Research 4.3 (1969) 24-29.

[Feller 1970] On the oscillations of sums of independent random variables. Annals
of Mathematics 91 (1970) 402-418.

[*Feller 1971] An Introduction to Probability Theory and Its Applications. Vol. 2.
2nd edn. of [*Feller 1966d]. John Wiley & Sons, New York 1971. Posthu-
mously published. The final version was published with the help of J. Gold-
man, A. Grunbaum, H. P. McKean, L. Pitt and A. Pittenger.

Textbooks

A star “*” indicates that the respective entry is not contained in the present selection.

[*Feller 1941b] (with Jacob David Tamarkin) Partial Differential Equations. Brown
University Summer Session for Advanced Instructions & Research in Me-
chanics. 6/23- 9/13 1941, Providence (RI) 1941.

Chapters 1-3 by J. D. Tamarkin, Chapters 47 by William Feller.
Reprinted by the Lewis Flight Propulsion Laboratory, National Committee
for Aeronautics, Cleveland 1956.

[*Feller 1950] An Introduction to Probability Theory and Its Applications. John Wi-
ley & Sons, New York 1950.

[*Feller 1957f] An Introduction to Probability Theory and Its Applications. Vol. 1.
2nd edn. of [*Feller 1950]. John Wiley & Sons, New York 1957.

[*Feller 1966d] An Introduction to Probability Theory and Its Applications. Vol. 2.
John Wiley & Sons, New York 1966.

[*Feller 1968e] An Introduction to Probability Theory and Its Applications. Vol. 1.
3rd edn. of [*Feller 1950], [*Feller 1957f]. John Wiley & Sons, New York
1968.

Selected Works of W. Feller, Volume 2 XXXili



[*Feller 1971] An Introduction to Probability Theory and Its Applications. Vol. 2.
2nd edn. of [*Feller 1966d]. John Wiley & Sons, New York 1971. Posthu-
mously published. The final version was published with the help of J. Gold-
man, A. Grunbaum, H. P. McKean, L. Pitt and A. Pittenger.

Unpublished Lecture Notes

A star “*” indicates that the respective entry is not contained in the present selection.

[*Feller 1929/30] Partielle Differentialgleichungen der Physik. Kiel W.S. 1929/30
[Partial Differential Equations of Physics. Kiel Winter Term 1929/30]. Hand-
written lecture notes (in German, approx. 100 pp.). Deposited as a bound
manuscript at Princeton University Library.

[*Feller 1942b] Vectors in a Plane; Notes for Mathematics 5, Summer 1942. Brown
University, Providence (RI) 1942. (Brown University Libary: SCI — Level 7,
Aisle 1B 1-SIZE QA261.F45)

[*Feller 1945e] Lectures on probability. Brown University, Semester II, 1944-1945.
Brown University, Providence (RI) 1945. (Brown University Library: SCI
QA273.F34)

XXXIV Bibliography of William Feller



	Fukushima-Processes-Feller-2
	xxx-Bibliography-Feller-2



